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PREFACE. 


The substance of the following Lessons formed a 
cours^ of Lectures on Thermodynamics which were 
delivered at the Clarendon Laboratory, Oxford, j® 
Hilary Term 1876. They have been revised, and are 
now published in the hope of supplying a complete 
English Mathematical Introduction to the Dynamical 
Theory of Heat. No such treatise exists at present: 
Professor Rankine’s Manual of the Steam-Engine and 
other Prime Movers, being written for the use chiefly 
of practical Engineers, contains only a short sketch of 
the subject; Professor Tait’s Thermodynamics gives 
very valuable information as to the history of the 
theory and its place in the general Science of Energy, 
but is too brief for the wants of the student; and 
Professor Clerk Maxwell in his Theory of Heat 
has not gone far into the Mathematical Development, 
though in other respects the work is most valuable 
and perhaps the most suggestive that has been written 
on the subject. To this last book the present writei; 
owes his first knowledge of Thermodynamics, and 
takes this opportunity of acknowledging lys great 
obligations to it. 



Vi PREFACE. 

Many original memoirs have v, been studied in the 
* 

course of the preparation of these Lessons, and copious 
reference is made to them: the stiident will thus be 
able to find more extended investigation of many 
particular points of the theory. t>r. Zeuner’s Grund- 
zuge der mechanischen Wdrmetheorie^ M. Verdet’s 
Tyorie Mkanique de la Chaleur^ and M. Saint- 
Robert’s Principes de Thermodynamique have also 
b^en consulted. 

No account is given of the kinetic theory of gases, 
because Mr, Watson’s treatise The Kinetic Theory 
of Gases contains all that is required. The student 
will also find an elementary and lucid explanation in 
Professor Clerk Maxwell’s Theory of Heat^ Chapter 
XXII. 


Christ Church, 
May, 1878. 
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ERRATA. 

p. 33, line 15, /or 41-675 nod 41-55. 

99 If »> 30 , I, or suggestive a letter „ with our notation. 

M 77 * »# »* 99 

In Fig. 19, page 67, a dotted curve should be drawn through C less 
inclined to Ov than either of the other cur\'es. 
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ERRATA AND CdRRIGEND. 

Page 8, line 2. For force read action 
„ — , „ 4. For upon read per 

„ 15, „ [6. the envelope being usually of glas^ 

„ — , „ 24. Add per square centimetre 

„ 17, „ 2ij. For conductibility read conductivity 

•. „ 33. A 7 fc*/tf per unit area 

•• M 13* on the axis*. . . . minimum read by a line on the / 7 >))lane 
that does not pass through the origin, since the volume 
camiot be reduced to nothing 
-’ 3 . M * 5 - 41*675 4**55 

„ — , „ 20. /or or suggestive a letter reof/ with our notation 

M ^5* ,p For has .... as read is no heavier when hot than 

.» If *7- A/t 7 e in nitrogen or 

.. 28, „ 12. In the experiment described the ends of the wire were con- 

nected wside the tube, the commutating arrangement being 
used only in proving that the heat generated is propor- 
tional to the S(]uare of the current-intensity 
•» 34» ft , 13 - - 4 Ar plate i/tsere bent at the bottom so as to form a narrow 
ledge 

— I >• 36. Fe/ore between ot/d on the ledge 
•» .5.^1 f'K- 6. Remove the rest and bend round the iron plate altachc<l to // 
so as to support C 

„ line 34. After cooling add per degree of this excess 
„ 40, „ I. For a state read all stales 

M — » 36. Afier conduction add friction 

42* „ 25. Delete |)er unit area 

M 43 f tt 19. For similarly read therefore 

„ — , „ 22. Add These lines are also called isopieres 

If 44* ti 4* ^dd we shall however retain both terms, since the lormcr 
not only denotes the latter but includes also the further 
notion of entropy being a measurable quantit)^ 

»i “1 3 ** ^dd On a diagram with volume and entropy as coordinates 

no thermal lines of the same type intersect each other 
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ERRATA AND CORRIGENDA. 


I*age45i line i8. For shews read points out 

„ 50, „ 8. After large add in comparison with the volume of the work- 
ing substance 

fi 63, „ 3. For the exponent T read T 

„ — , „ 8. Deleie we ... . again on line 18 

„ — , „ ai. Delete they cold on line 

If 67, „ I. Before lines insert real thermal 

II —i »t 4* read necei»arily 

, fig. 19. Draw a dotted curve through C less inclined Ko Ov than 
either of the other curves 
„ 68, line 34. For OB' CO read OB CO' 

,<►76, „ aa. For cycles read processes 

„ — , „ 24. For cycle read process 

II 77 i It M* 

•• » 4- ror anJ f- read and 

„ 6. for g ami nod {^^and 


» h 3 , 
I. 85i 

II b6, 

„ « 5 » 

I. 86, 


,1 87. 
II 90. 

II 9^f 


« h ,1) 
11. For • read - 

V T 

31. Por as read 24 


14.) , oA OL /d'A 

Vd/'v, Vdz/'/ 




ij. foK ~ read 


d/ dv 
d/ 

7. /hr these equations read this equation 
13. After expression <?«/</ (in terms of v and t) 
15. Add In this case dS - (It-f 
24. Por 28 read 33 


M 97 i «q. (50). Multiply the second determinant by F 
„ 98, table. The expression in the 2nd row 19th column should be 


that in 4th row 4th column, 
that in 5th row 5th column, 


ii. 

kp^v^ 
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i 


that in 5th row 13th column, 
that in 5th row i8lh column, 
that in 5th row 20th column, 
that in 6th row 4th column, 
that in 6th row 1 2th column, 
that in 6th row 14th column, 


L V. 

kp ht * 
kp 

k ip ' 
kp d/ . 



that in 6th row i6th column, 


kp 


line 2. For h read ft' 

„ 8. Add and k— /t', t' being eciual to C 

„ 2. For 25 read 24 

„ 23. For megadynes read atmospheres, or else add per sfjuare 
centimetre 

„ I. For the temperature read temperature 
„ 2. AfUr body add i.e. is a function of this particular tem- 

perature 

„ 10. /'hr conductibility read conductivity 
II * 5 * After T add i.c. a function of 7 ’ 

„ 24, 29. Por atoms read molecules 
„ 28. For wuk and ak read nfi^ and f«k 
„ 29. For a read fi 

„ 30. For atomic weight read molecular mass . 

„ 10. For weight read mass a 

„ — . After unity add so that its molecular mass is two 
„ 12. For ak=ioo read /ik»200 


Page 100, 

H I 

„ 101 

I, 102 , 

I, 104, 


106, 

107, 


108, 


♦I 


II 


I# 

11 


no, 


112, 

113, 


„ 29. For 100 read 200, and for S.n read 2.^ 

„ 31. For weight read mass, and add and whose molecule con- 
sists of m atoms 
II 3 * After its imert extreme 

„ 17. Add Sir W. Thomson calls it the thermodynamic motivity 
of the body 

t 7 t T 
„ II. For loge j read log^ - 

^ 8. After energy insert or thermodynamic motivity 
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ERRATA AND CORRIGENDA. 


$t #1 *3- .... /^ dottom of page substittUe while the 

maximum work obtainable by cyclical processes from heat- 
energy JdH taken in by a Wy along a given path is, by 
CdH 

(i), less than fdH by / “> where fo is the lowest 

available temperature, the maximum work that can be done 
in a cycle partly formed of this path as a whole is less than 
fdH by /o where are the entropy of the body 

in the final and initial states defined by this path, sd that 
an amount 

of available energy is lost owing to the nature of the path, 
or this amount of energy is dissipated along the path. This 
expression, by (ao), 5 51, is always positive when the pro- 
cess is non-reversible, being zero for reversible processes. 


If the process is cyclical, the dissipation is 
Page ni, line 17. For 7 J read 



Ml, „ 10. /br the air nrn// in the water 


M —I For 0^01 read O' i 

129, „ 6. Before and insert so that the etpiation pv « Fr cannot be 

taken to hold for air, as M. Regnault has otherwise shewn 
„ 140, „ 12. For volume read temperature 
14I, eq.(i7). For Ut read v,, v, 

„ 148, line 21. for c.o. s. read our 
»» *56, »« 14. After lose insert on each side 
If *63, „ II. /’c?r fraction /-rtf#/, function 
„ 165, „ (}. Delete ° and substitute degree 

.1 —in Sec however Nature, xxiii. (1880) 21 1 (Rep. Cheni. Soc.). 

II » ao. For log reaii log^ 

„ 186, „ last. For <p + rea<i 

„ 187, „ a8. For 0-0074 ^^^d 0*00734 

It 19*1 If *3- I^or liquids reotl fluids 

M *99i II 3*- A . , . . figure substitute Two receivers are retpured for 

this engine, one coupled directly without any valves to each 
end of the cylinder, and the plunger of one is always half a 
stroke before that of the other 

It i®3i 11 9- This engine is not perfect because condition (i) of 

§ 106 is not satisfied ; for maximum efficiency, either AB 
must be an adiabatic as well as CD, or CD must be iso- 
diabatic with AB and not an adiabatic 
!• 204, 11 17. For lowers OMd increases read lower and increase 



CHAPTER I. 


Introductory Mechanical Principles. 

1. Fundamental Units. In Mechanics it is necessary to 
employ units for the expression of the different *measural:(]p 
quantities that come under consideration : all these may how- 
ever be derived from the three simple units of Length, Mass, 
and Time. We shall in this chapter briefly describe such of 
these mechanical quantities as concern us at present, employing 
the Centimetre-Gram-Second or c. 6. s. system of units, for an 
exhaustive treatment of which the student is referred to Pro- 
fessor Everett’s IllusiraHom of the Cenimeire-Gramme-Second 
System of Units (1875). 

Length. The unit of length is one centimetre : it is the 
hundredth part of the length of a certain platinum bar at Paris, 
called the Metre^ when at the temperature of melting ice. 
Captain Clarke' finds that 1 c. is 0*3937043196 inch, so that 
the British foot contains 30*4797^654 c. 

Mass. The unit of mass is one gram : this is the thousandth 
part of the mass of a certain piece of platinum, called the 
Kilogramme des Archives^ which is kept in Paris. Professor 
Miller* has determined i g. to be 15*43234874 grains, so that 
a British pound is 453*59265254 g. He also concludes’ from 
Professor Kupffer’s comparison of standards that 'the mass of 
I C.C. of water of maximum density (f>. at 4°c.) is 1*0000x3 g. 
and not i g. exactly. . ^ 

Time. The unit of time is one solar second, and the most 
recent discussions^ give 

365*24222x24x60x60 or 31556928 seconds 

* Pmc. R. 8 . XV. (1866) 313. » Proe. R. 8 . xiv. (1865) 293, note. 

” Phil.jrram, cxlvl (1850) 890. * Maia’s Aunmemy (1863), 99. 
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as the length of the tropical year, Hhat is, the time which 
elapses between two successive transits of the sun through the 
vernal equinox. It is to be feared that this interval is not 
absolutely constant; so slowly however is it lengthened, that 
observation through many hundred years can scarcely detect 
the change*. 

Velociiy, The unit of velocity is one centimetre per second. 

AcceUration. The unit of acceleration is one centimetre jJer 
second per second. 

2 . Force. Force is that which produces motion in a body, 
^'^nd the uftit of force is that force which acting on unit mass 
for unit time produces in it unit velocity. In the c. 6. s. system 
it is called a dyne : a million dynes, which for us is a more 
convenient unit, we shall term a megadyne. 

Forces are usually measured by weights, that is, by the earth’s 
attraction upon masses ; they are then comparable only at the 
same spot, as the attraction varies with the position on the 
earth’s surface. This is called the gravitation measure of force : 
it is reduced to absolute measure on multiplication with g^ 
‘which denotes the number of units of acceleration impressed 
on a falling body at this spot by gravitation; for the weight 
of a mass acting on the mass for one second generates in it, 
if allowed freely to fall, a velocity of g centimetres per second, 
or the weight of a gram at this place is g dynes. The value of 
g should be determined by pendulum or other experiments at 
each different spot : it is well given however by the formula ^ 

A 

grs. 978-048 (I-I-0-005I449I 8in»A)(i— — )> 

4 ^ 

where A is the latitude, h the height above sea-level, r the earth’s 
mean radius (about* 636669500 c.). The form of this formula 
is given by theory, and its constants are deduced from many 
combined observations : it may be written 

98o*564^a-5i6cosaA— 0-000002 A, 
which is more convenient for calculation. Thus at Oxford 



Earth (1871), 51. 
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(lat. 51® 45' 3^' N*) the weight of a gram is 981*15 dyne^ and 
at Manchester (lat. 53° a9'N.).it is 981*30 dynes. 

Much confusion is introduced into ordinary language by the 
loose way in which such terms as gram and pound are used, 
not only as masses or quantities of matter (which is their real 
signification), but also as the weights of these masses, that is, 
as forces. This must be avoided : the fora of a pound means 
al?solutely nothing at all, and should never be use^ while the 
fora of a pounds weight or the fora equal to the weight of a 
pound is perfectly intelligible; and these latter forms of ex- 
pression, even though the longer, must always be* employed^ 
This error has arisen from the conception of mass being 
more difficult than the conception of weight, which is pro- 
portional to it, and from the fact that masses are usually 
compared by the balance, in which the weight of one mass is 
made to equilibrate the weight of another. The weights of a 
balance are of course not real weights or forces, but masses 
whose weight is put against that of the bodies weighed. 

3 . Work. The unit of work is that work which is done 
when unit force is overcome through unit distance : this on the 
c.6.5. system is called an erg. We shall however find that 
in thermodynamics a million ergs is a more convenient unit, 
and this we shall call a megalerg. Work may be done in com- 
municating motion to a body as well as in overcoming force ; 
this aspect of work will be exhibited in the next article. 

The practical unit of work used by engineers is a gravitation 
measure : in British units it is a foot-pound, or the work done 
against the earth's attraction in raising one pound through the' 
height of one foot, and is equal to 13825.38 g ergs ; in metrical 
units it is a kilogrammetre, or the work required to raise one 
kilogram through one metre, and is equal to looooog ergs. 

Thus at Oxford a foot-pound is 13*565 megalergs, and a 
kilogrammetre 98*115 megalergs : at Manchester a foot-pound 
is 13*567 megalergs. 

4 . Energy. This is the power of doing work whicb a body 
or system of bodies possesses by reason of its state : it is of 
two kin(]p, kinetic and potential — the former due to the motions 
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of its various parts, the latter to the mutual actions between 

them. 

Suppose that the small mass /a of the system at time / is 
at z, moving with the velocity v ; the axial-components of 
the effective forces are iix, fiy^ ixz, and, if the components of 
the whole impressed force acting on it are X, Y, 2 , the principle 
of virtual velocities gives 

2 . {l^‘-ux)bx^(V--fjLy)by'j-{Z~-‘fiz)bz} = o, 

whence on writing </r, dy, dz for hx^ hy^ dz wc have 

2 . (a* dx + V f/y + z dz) = S .(X dx+ Yf/y-j-^ dz), 
or dS.ifiv^=:S.(Xdx-i- Yfty-h^ds), (i) 

Now 2 .(.V^Av+ Yd^' + Zdz) represents the work done by the 
forces iij)on the system, or —2 .(X</.v+ Ydy + Z dz) is the work 
done by the system against the forces to which it is subject, 
and, for the c(iuation to be intcgrable, these expressions must 
be exact differentials ; hence, if 

- 2 .(A'r/A + Ydy-\-Zdz) = r/x, {2) 

we have as first integral 

= S./(.V</.v+ =Xo-X. (3) 
u being the initial velocity of the mass /x. 

(i) Now suppose that the different parts of the system are 
rigidly connected U^gether : then no work is done by the mutual 
actions of the parts, and the integral represents the work done 
upon the system by external forces only ; e(iualion (3), indeed, 
holds good, by D’Alembert's principle, even if the internal 
reactions are not iiu luded in X, Y, Z, Hence if the wliole 
system is brought to rest by doing work against resisting forces 
— in which case X, \\ Z are negative — the value of v for each 
\)art becomes zero, ami the total work done, viz. 

- 2 ./ ( .V dx + y dy + Z dz\ 

is equal to 2 . J /a /A The latter term, which depends only on 
the initial velocities of the different parts of the system, thus 
represents ih? total work that can be done by the system before 
it is brought to rest, /. c. the work it can do in virtue of its 
motion ; it is therefore appropriately termed the kinetic energy 
of the system in its initial state. Hence the general; equation 
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shews that for a rigid system (i) the work done against resist- 
ance is equal to its loss of kinetic energy, (2) the work done in 
altering the motion of its parts is equal to the increase of kinetic 
energy. 

The most complicated motion of a rigid system can be re- 
duced to a translation ol* its mass-centre and a rotation of the 
system about an axis through this centre, anti, the mass of the 
wfiole being the velocity of translation //, the radius of 
gyration about the instantaneous axis X*, and the angular velo- 
city ft), we easily find that 

2 . J /ut w- = i /r -f J m P to- : 

\mtc is at any moment the kinetic energy of translation, and 
J the kinetic energy of rotation. If at any moment there 

is no rotation, the velocity of all the parts is the same and 
equal to and the total kinetic energy J w ; or the kinetic 
energy of a mass m moving with velocity 7' is J mv^. 

As energy is measured by the amount of work it represents, 
the unit of energy is also the erg on the absolute system : hence 
also the kinetic energy in the last case, expressed in gravitation 

measure, is * 

(ii) Suppose now that the system is not rigid and is subject 
only to the mutual actions of its parts, there being no external 
forces : then the action between two particles /x, fx', whose dis- 
tance apart is being and all such forces being 

replaceable by their several axial components, the principle of 
virtual velocities gives 

Ydy + Zdz) = 2 . fx/xX;) (/r 
= dO\ 

say. Hence, writing A' for 2 . J and denoting the initial 
values by suffixes, we have by equation (3), 

A- A- = 

If U is the maximum value of U, and we take /* = U— 
then P represents the maximum amount of work that the system 
is capable of doing on starting from the state correspending to 
f/, or the work that the system can do by reason of its con- 
figuration — that is, by reason of the mutual actions which depend 
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on the positions of its parts : P is therefore called the potential 
energy of the system in that state. 

(iii) In tlie above case we have further by substitution 

or A'+/>= 

thus in a system of bodies subject only to the mutual actions 
of its parts the sum of the kinetic and potential energies — tl^at 
is, its total energy— is a constant quantity. This theorem is 
called the Principle of the Conservation <f Energy, 

(iv) In the general case the impressed forces will consist of 
♦>oth internal and external actions, and, if the axial-components 
of the external impressed forces acting on the part fx are X', 
K', //, the equation (i) becomes 

dA^=^dC/ +2. {X'dx + y^dy + Z'dz) 

=z^dP+dlV\ 

say, where IV' represents the work done by the external forces : 
hence if P is the total energy of the system 
dlV'=:dX+dP=: d£, 

or for any system (i) the work done against external force is 
equal to its total loss of energy, (2) the work done in altering 
its state is equal to its gain of energy. 

We have also from (3) 

^'-^0 = x«-x. 

A'+X = >i-.+X,. 

ihe suffixes denoting the initial values, x is called the erga/ of 
all the forces, and thus the sum of the kinetic energy of a system 

and the ergal of the forces to which it is subject is a constant 
quantity. 

If dir is the work done by the body against external forces 
we have obviously 

d\=dP-\.d\V. 

(v) It is an interesting problem in connection with thermo- 
dynamics to determine the total kinetic energy of a body which 
moves a* a whole and has also at the same time very rapid 
oscillations with respect to its parts. At time / let x,j>, z be 
the coordinates of the mean position of an oscillaUng pj^rticle n 
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whose real position is .v+f.j'+jj, s+f: then its velocity at 
this moment is given by 

»* = {•^+^)’+(>+4)*+(«+^)* 

= (.v* +>“ + s*) + + »}» + ^*) + 3 (.V f +> ») + a f ) 

if u is the velocity at this moment of the mean position of the 
particle, and v the velocity of oscillation. Hence the mean 
value of its kinetic energy during 7\ the periodic time of 
oscillation, is 



since during this extremely short interval x, i*, y, y, z, i, u 
may all be considered constant, and 

^ x^dl z= X 

as the particle returns to its initial position. The total kinetic 
energy of the body may therefore be taken as 

that is, as the sum of the kinetic energy of its motion in space 
and the mean kinetic energy of the oscillations of its parts. 
We shall shew in Chapter III that the heat of a body consists 
in the oscillations of its ultimate atoms, whence it appears that 
the total kinetic energy of a hot body is that of its motion 
in space and that of its heat-oscillations together. 

If the oscillations follow the pendulum-law so that 

f =acos2ir(^+a),..., 

fT C'^ t 

iben I a? cos 4 *^ \ 

Jo Jo ■* 

or the mean kinetic energy of oscillation — that which exhibits 

. ir 1 . o + + 

Itself as heat — is 7r*2 . fx ^ 
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6. Stress. The stress on any part of a body in equilibrium 
is the force exerted upon it all round by the matter in contact 
with it, whether part of the same body or not, and is measured 
by the number of units of force that act upon unit area ; that 
is, in absolute measure by the number of dynes per square 
centimetre, and in gravitation measure by the number of grams’ 
weight per square centimetre. We shall notice only two kinds 
of stress that we shall meet with hereafter: they are both 
measured in the same way. 

Longitudinal Stress or Tension acts in one direction only, 
producing dompression or extension. 

Hydrostatic Stress or Pressure is the same in all directions 
and acts normally to the surface of bodies : it is equivalent to 
three equal longitudinal stresses acting at right angles to each 
other. Jt is this stress to which we shall generally consider 
a body subjected, unless otherwise specified. 

The units of pressure employed by engineers arc gravitation 
measures : in Pritain they arc the weight of a pound per square 
foot or per wjuarc inch, which are equal to 479-05 and 68983 
dynes per square centimetre respectively at Oxford ; in metrical 
measure the unit is the weight of one kilogram per square 
metre, which at Oxford is equivalent to 98-115 in absolute units. 

An unit much used in scientific tables is an atmosphere, 
defined as the pressure due to a barometric height of 76 c. of 
mercury at o*\\ in latitude 45" at sea-level ; here g being 
980-564 and the density of mercury 13*596 at o^'c., this pres- 
sure is c(]uivalent to the weight of 1033-3 grams per square 
centimetre or to 1013226 in absolute measure. 

A more scientific unit, and one which we shall always here- 
after use under the name of an atmosphere, is the pressure 
of one megadyne per sejuare centimetre. It is equivalent to 

barometric height in latitude 45° of 75-008 c., or at Oxford 
of 74-963 c. 

We must once more call attention to the inaccuracy of com- 
mon talk.* The measurement of pressures in pounds per square 
inch, i^c. is quite improper, the accurate phrase being pounds' 
weight per square inch. 
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6. Strain. This is a general term to denote any alteration 
in the form or dimensions of a body. We shall consider two 
cases only, which correspond to the above varieties of stress. 

Longitudinal Strain occurs when there is deformation in one 
direction only: it is measured by the ratio of the extension 
or compression of any line in the body in the direction of the 
strain to its original length. 

Isotropic Strain occurs when the body after alteration is 
similar to its original form, that is, when it has undergone no 
deformation : it is the result of three equal longitudinal strains 
at right angles to each other, and is measured by thb ratio of 
the change of volume to the original volume. 

A strain, being the ratio of two similar magnitudes, is a 
numerical quantity. 

7. Elasticity. The elasticity of a body is the resistance it 
offers to alteration in figure or dimensions, and is measured by 
the stress required to produce a strain: it is therefore the 
quotient of an increment of stress by the resulting strain when 
both are indefinitely diminished, and, being a magnitude of the 
same kind as stress, is measured in dynes per square centimetre. 
We shall notice the varieties only which correspond to the 
stresses and strains described above. 


If a change of tension dT cause change of length dl in a 
length /, or a strain the Longitudinal Klaslicity is / This 

is also called Fount's Modulus of Elasticity, 

If change of hydrostatic stress dp cause change of volume 


— in a volume or a strain 



dv 

V ' 


the Volumc-Klasticity is 


8. Mechanical work done by or upon a body during 
a strain. This is measured per unit volume by the product of 
the strain into the average value of the component of the stress 
in its direction. We shall consider only two particular cases. 

If a longitudinal* stress T is the same at every poiht of a 
section <0 perpendicular to its direction and causes deformation 
<//, the tptal work done is fTmdl, In the case of a rod or 
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a cord stretched by the weight of m grams, To) = mg^ and the 
work done is mg\ ergs, where \ is the total change in length. 

If a body of volume v is subject to a hydrostatic pressure 
which is the same at every point of the surface, the pressure 
on a small area dA is pdA : if the body increases in volume so 
that this pressure is overcome normally through a distance dn^ 
the element of work done is pdAdn, and thus the element of 
work done by the whole surface is pfdAdn or pdv ; hence the 
whole external work is the integral fpdv taken between the 
proper limits. 

The wdrk is motor or resisting according as / and v increase 
or decrease, that is, as dl and dv are positive or negative. 

Mr. Watt introduced a graphic mode of representing these 
integrals, both of which are of the same form since T and p 
are stresses, a^dl and dv changes of volume. If p is measured 
along the axis of ordinates and v along that of abscissae, then 

the connection between the suc- 
cessive states of a body may be 
represented by a curve, and pdv 
wall represent the infinitesimal area 
between the curve, the axis of 
volumes, and two infinitesimally 
distant ordinates. Hence if ABC re- 
presents the statei through which 
a body passes from that denoted 
by A to that denoted by c\ the total work done dy the body 
is represented by the area ABCcaA, Again, if CD A represents 
the successive states passed through by the body from that 
denoted by C to that denoted by A^ work represented by the 
area CDAacC is done upofi the body, for it has been compressed. 
Hence if a body passes through the whole series of states 
represent^ by the closed curve ABCDAy the useful work done 
is the excess of the area ABCcaA over the area CDAacC {A 
and C^being the points where the curve is iouchedhy the extreme 
ordinates) or the area ABCDA : this work is done by the body 
if the expansion occurs under greater pressures than the con- 
traction, as when the series follows the direction of the arrow, 
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that is, the direction of the hands of a watch ; if the contraction 
occurs under greater pressures than the expansion so that the 
curve is traversed in the direction opposite to the arrow, the 
work is done upon the body. 

These graphic representations of work are called Indicator 
diagrams^ after an instrunfent called the Indicator which was 
invented by Mr. Watt to determine practically the work done 
by i steam-engine. M. Carnot gave the name cycU to such a 
series of modifications as is represented by a closed curve. 

When a curve denotes the successive changes of state of a 
body, we shall say that the body m&ves^ or that the modifications 
occur, along thfit curve. 

On the subjects of this chapter the student is recommended 
to consult Professor Maxwell's Theory of Heat, chaps, iv, v, xxi : 
he will find therein also (p. 105) a full description of an im- 
proved indicator. 

9. Virial. A dynamical idea of great importance has re- 
cently been introduced by Professor Clausius ^ If the small 
mass ft at (x,y, z) is acted upon by force /; whose axial com- 
ponents are JT, K, we have 

^ fxx — X, iiy—y, = 

whence, since 

= 2X* + 2XX, 

(P 

we have i fti* = — J + J . iix\ ( 5 ) 

The mean value of each of these terms during any period / 
is found by multiplying it by dt, integrating for the time from 
o to /, and then dividing by / : thus, indicating mean values by 
bars, we have 

f? t-i • 

Suppose now that the motion of the parts of the system is 
strictly periodic, and / is any multiple of their period ; then the 
last term of (6) is zero, as at the end of a period each part 
returns to its original position. If the motion is not* strictly 

’ PW: ^ 11 * (1^70) trans. Phil, Mag, [4] xl. (1870) 122. 
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periodic, but of the kind termed stationary — ue, when the parts 
do not continually move further and further from their original 
positions and their velocities do not continuously increase or 
decrease, the parts thus moving within a limited space and their 
velocities only fluctuating within certain limits — then the co- 
efficient in square brackets (the diffefence between the values of 
d • 

at the beginning and end of the period /) does not 

necessarily become zero for any value of / ; it cannot however 
increase indefinitely with the time, but can only fluctuate be- 
tween certain limits, so that, by taking / large enough, we may 
render the last term of (6) negligible. In both these cases we 
have therefore 

( 7 ) 

This mean value of the expression — J ATa: is called the 
component of the virial of tJu particle^ and the equation shews 
that for any particle of a system in stationary motion the mean 
kinetic energy relative to any direction is equal to the virial relative 
to the same direction. 

As similar equations in^ and z hold, we have, if v is the mean 
velocity of the particle, 

( 8 ) 

= — Jyf’pcosc = — 

if p is the radius- vector of the particle, P the resolved part along 
it of the total force, and € the angle between its direction and 
that of the total force F, Summing now over the whole system 
and writing K for its mean kinetic energy, we have 

^ - i 2 . Qcc^Yy Vzz) (9) 

these right-hand expressions are called the virial of the system^ 
so that the mean kinetic energy of a system in stationary 
motion is equal to its virial. 

The general equation corresponding to ( 5 ) is obviously 

A'=:-\ 2 .{XX+ry+Zz) + i^i.llfJ‘ (10) 

= - 2 . 
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so that the above theorem holds good whenever — s . juip^ is 

independent of /: this is the case, for instance, when the system 
is rigid and moves with one point fixed, and again, when it 
consists of homogeneous incompressible fluid which always 
occupies the same portion .of space though its molecules are in 
motion, since as each molecule leaves a spot it is replaced by 
another of equal mass. 

In the general case there are both internal and external forces 
acting upon a system, and hence therefore an internal and an 
external virial. If R is the attraction between two particles 
fly fx' at the points z), s') respectively N\hich are 

r apart, then for the internal forces 




Rx + 
r 




with similar equations in^' and z : therefore 

(11) 

j>o that the internal virial is S. jA’r; indeed, with a body in 
which innumerable atoms move irregularly but in essentially 
like circumstances, so that all possible phases of motion occur 
simultaneously, the difference between this mean value and the 
value of 2 . J /?r corresponding to any configuration of the 
system is inappreciable, so that the latter may be taken for the 
internal virial. The external virial is easily found in the case 
wherein the external forces consist of an uniform hydrostatic 
pressure p ; for then 

2 . Xx = — /> ff X cos ada'=.—p ff xdy dz = — 
where da is an element of area at the point {x, y, z), a the 
inclination of the normal at this point to the jv-axis, b the 
volume of the system ; hence 

‘ -\i.{Xx+Yy+Zz) = lf>\>, (12) 

and the external virial is both these quantities being 

constant. In this case therefore 


1/6+2. i/fr, (13) 

or, as we may write it, 

/6 = 1^-12. i?r. (14) 



CHAPTEJl II. 

Introductory Thermal Principles. 

10. Measure of Heat. Whatever heat is, it is a measur- 
able quantity; for its effect is generally proportional to the 
amount spent : thus twice as much heat is required to melt two 
grams of ice as to melt one, and two grams of coal give on 
combustion twice as much heat as one. 

The usual thermal unit is defined as the amount of heat 
required to raise unit mass of water from the temperature of 
melting ice through one degree c. of temperature measured on 
the air-thermometer, and it is called a calorie. In this definition 
it is necessary to mention the initial temperature, as M. Reg- 
nault’s experiments shew that 

Q 4. 0-00002 d® + 0-0000003 6 ^, 
or, according to later calculations by M. Bosscha^ 

0 + 000011 fl*, 

is the heat required to raise one gram of water from the tem- 
perature of melting ice through $ degrees c., and hence that 
I -I- 0-0002 2 6^ 

is the amount required to raise the same mass at through 
one degree. The real calculation gives 1*000 11 instead of i 
for the term independent of 6 ; this is merely because the first 
formula is empirical and thus not quite accurate t the difference 
is negligible. 

11. Temperature. As temperature is a most important 
quantity in the dynamical theory of heat, it may be well to 
review t^e principles and conventions of the ordinary scales 
which depend on the properties of particular substances. 

^ Jubelband (1874), 549. 
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When two bodies are together and one gains while the other 
loses heat, we say that they are at different temperatures : if 
neither gains or loses, we say that they are at equal temperatures. 
For the measurement of temperature we avail ourselves of the 
fact that bodies vary in volume or pressure as they gain or lose 
heat; we may thus take this change of volume or pressure, 
reckoned with a standard substance from a standard condition, 
or afly function of it to define our scale of temperatures, and 
hence get an infinite number of systems. The following are 
the necessary or usual conventions 

(1) Definition of rising temperatures : a body that Iqses heat 
to another by radiation or conduction is said to have the higher 
temperature. This convention is opposite to that of M. De lisle 
and of ,M. Celsius’ original thermometer. 

(2) Standard substance : alcohol for low, mercury for mean, 
air for all temperatures. 

(3) Standard temperatures : those of melting ice and boiling 
water under standard pressure, as suggested by Newton. 

(4) Standard pressure : for France 76 c. of mercury at the 
temperature of melting ice at spa-level in Paris, or 10 13573 
dynes per square centimetre ; for England 29*905 in. of mercury 
at the same temperature at sea-level in London, or 1 013252 
dynes per square c. : the ratio of these pressures is 100032. 
A more scientific pressure would be one megadyne. 

(5) Number of degrees between the standard temperatures ; 
on Rdaumur's scale 80, on Fahrenheit’s 180, on Celsius’ 
or the Centigrade scale 100. 

(6) The variable used to define successive states of the ther- 
mometer : with alcohol and mercury this is the volume, with 
air it is either the elastic force under constant volume or the 
volume under constant pressure. 

(7) Definition of a degree: Galileo’s is used with the 
ordinary thermometer and with the air-thermometer when the 
volume under constant pressure is the variable employed ; it is 
the following : — if the thermometric substance assumes volumes 
», at the higher and lower standard temperatures respectively 
and n is the number of deorrees between these temperatures. 
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V’^V 

one degree is defined by a change of volume equal to 
and thus the temperature T when the volume is V is given by 


T 




n. 


Dalton proposed to define a degree as corresponding to 


a change of volume 


* /rT . 


in this case the temperature 


T corresponding to volume V is given by 

T 


nr 7-- 

4, c 1 or * . Tt% 

»0 X log2:;-logz;^ 

In neither of these cases is the heat-value of a degree the 
same in different parts of the scale ; it is more nearly so how- 
ever in Galileo's than in Dalton's system, and hence the 
preference given to the former. 

In the air-thermometer, when the elastic force under constant 
volume is the variable, if py are the elastic forces at the 
standard temperatures, a degree is defined by the change of 


pressure ^ : hence for an elastic force P the temperature is 

given by 

P-P^ ' 

In this case the heat-value of a degree is very nearly the same 
in all parts of the scale, as shewn by M. Regnault’s experi- 
ments on specific heat. 

(8) The zero-point of the scale: Celsius and Rdaumur 
take for this the lower standard temperature; Fahrenheit 
took the lowest temperature known in his time, that produced 
by salt mixed with snow. 

(9) Absolute temperature on the air-thermometer : we might 
represent zero temperature by the state of a gas entirely de- 
prived of heat, in which case its pressure is zero ; if then -bj 
denotes the change of elastic force measuring one degree, ab- 
solute temperature corresponding to pressure P is given by 

P 

T = - • 
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Taking these degrees the same as above, so that or =: • 

we have, if absolute zero is at degrees below ordinary zero, 
m = T-rs 


The tquantity ™ , the reciprocal of w, is what is known as the 

• 

coefficient of increase of elastic force at constant volume, and is 
generally denoted by a: its value is shewn by M. Regnault's 
exact experiments' to be neither the same for all gases nor 
constant for a given gas; it varies with the density ‘and in the, 
case of dry air may be represented by the formula* 


a = 000365343 + 000895 p, 

where p is the density in grams per cubic centimetre. Thus 
the so-called absolute temperature depends on the substance 
used and is not constant. .When the density is too small to 
affect the coefficient, we find m = 273*72, or absolute zero is 
in this case —273.72^0.: by a graphic construction from the 
experimental numbers Professor Rankine* finds this value 
— 274*6" c. 

If we consider a constant, and measure temperature from the 
zero thus obtained, Boyle and Charles’ laws combined may 


be written 


pv 

= const, 


a simple form first given by M. Clapeyron. 

A perfectly absolute scale of temperature will be deduced 
in § 41 from thermodynamic principles: till then we must 
consider absolute temperature a function yet to be defined. 

12. Characteristio equation of a body. The action of 
heat generally causes change in all the qualities of a body, 
elasticity, density, stress, temperature, refractive index, emissive 
power, conductibility, &c. : any two of these may however be 
taken in general as independent variables to characterize its 
state — t\e. the state of unit mass — ^and each of the others will 


’ Mhn, de VAead, dn Scieaees, xxi. (1847) i fO. 

* Phil. Trans, cxliv. (1854) 357 * * Tram. R. S. E, xx. (1853) 5 ^*- 

C 
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expressible as a definite function of the two selected ; thus 
between every three of the qualities there exists a relation 

e) - o, 

and such relations are termed characUrisiic equaitons. These 
are only to be determined by experiment, and our knowledge 
is at present so incomplete that we are in a position to discuss 
that relation only which connects stress, density, and teihper- 
ature; and while herein, owing to the complexities of ihe 
general question, we introduce a simplification by considering 
the density, stress, and temperature the same throughout the 
^ body, and the stress a hydrostatic pressure, yet the problem of 
determining the exact form of the function still surpasses far 
the extent of our actual knowledge. One of the chief difficulties 
of the discussion arises from the experimental measurements 
that are the most easily and accurately made not being those 
most serviceable ‘from a theoretical point of view. 

We ought to explain what is meant by the * stress of a body' : 
it is not the stress exerted on it by external bodies, but depends 
on the actual state of the body itself only, being the force it 
exerts at every point per unit area across any section in con- 
sequence of the motions or relative positions of its atoms ; and 
is only equal to external stresses in the case of equilibrium. 
This equilibrium we shall generally suppose to subsist. 

It will be well here to introduce another quality, the entropy 
of a body, which is the property that remains constant when 
the body undergoes any change but without receiving or losing 
any heat: a more precise mathematical definition of entropy 
will be given in § 6o. 

We have thus to determine the form of the equation 
/(A V, t) — o, 

which is par excellence called the characteristic equation or the 
equation of elasticity, p being the stress (supposed a hydrostatic 
pressure) per unit area or the specific pressure, v the volume of 
unit mass or the specific volume (called also very expressively 
the bulkiness of the body by Professor Rankine and the rarity 
by Professor Maxwell), and / the absolute temperature. We 
may represent the equation graphically by means of a surface 
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if we take /, t as coordinates referred to three rectangular 
axes ; then the determination of the relation between p and v 
for a given value of / amounts to finding the section of the 
surface by a plane perpendicular to the Aaxis, and a determina- 
tion of these sections foe all values of t would give the com- 
plete surface, whence the sections by planes perpendicular to 
the^ other axes would be known. The three possible scries of 
experiments here indicated are however so incomplete that it is 
necessary to make use of all, and not of one series only, to 
determine the surface. The surface differs for all bodies, with 
however three points of common likeness : ( i ) it exists only ^ 
in the octant where />, z', / are all positive ; (2) it is terminated 
on the side nearest the origin on the axis of 7;, since the 
temperature and pressure diminish together indefinitely while 
the volume only approaches a finite minimum ; (3) on the 
other side it extends to infinity with a hyperbolic paraboloid 
as asymptotic surface, experiment shewing th.vt, as the tem- 
perature rises, bodies approach more and more to the perfect 
state, defined below, wherein po ^ Rt, 

The equation assumes a different form in the saturated state 
of a body, or that in which all its parts arc not in the same 
physical state : thus the solid and liquid forms may exist 
together simultaneously, the liquid and gaseous, or the solid 
and gaseous, but experiment shews that in these cases the 
pressure and the temperatare cannot vary independently of each 
other, and the specific volume may vary while both p and / 
remain constant : the equation therefore breaks up into two, 
one F {p, t) o, 

and the other an expression for v in terms of cither p or r and 
another variable. Let this variable be m, the proportion of the 
substance in the higher form in unit-mass of the mixture : then 
if /, s are the specific volumes of the body in the higher and 
lower forms respectively, we have 

V = s'm + s = s + (s'—s)m; (i) 

and, the quantities /, j being functions of / which experiment 
must determine, this relation gives v in terms of / and m, or 
m in terms of v and /. 
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In contradistinction to the term saturated a body is called 
superheated when its temperature is higher than that corre- 
sponding to the state of saturation for the same pressure as 
given by the equation /*(/,/) = o. Thus slight compressions 
or expansions of superheated liquids and vapours will not alter 
the state of aggregation of the body, though they may tend 
to bring them nearer to the state of saturation. 

Experiment has shewn that as the permanent gases are more 
and more rarefied they follow Boyle's law the more exactly, 
and their increments of pressure at constant volume are the 
more exadtly proportional to their increments of temperature 
on the air-thermometer scale. We will define as a perfect gas 
a substance which exactly conforms to these laws, temperature 
being measured absolutely; its equation is easily found, as it 

is of the form and ^ to be independent 

of / or y^if) constant; representing then this constant by R 
we get (2) 

13. Choice of variables. It is not a matter of indifference 
which pair of the three variables /, S7, / we take as independent 
in the equations we are about to form, though all three have 
been adopted. 

(1) M. Clapeyron chose p and as the graphic representa- 
tion in this case is the most convenient : there is an ambiguity 
however when the substance behaves like water. 

(2) M. Saint-Robert takes p and /: this pair cannot how- 
ever be used in the case of a saturated mixture, since p and t 
are not then independent. 

(3) Professor Clausius and Sir W. Thomson use v and /, 
which pair, so far as we know, is applicable in all cases. 

Hence it is best to use the last pair in general, though the 
others may always be employed when no ambiguity is thereby 
introduced (as in the discussion of gases) : the first will however 
generally be used in diagrams. 

14. Thermal capacities. The amount of heat which is 
required to change by unity any quality of unit-mass of a body 
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under given circumstances is called the thermal capacify cor- 
responding to the given change : in three cases only have these 
capacities special names — the specific heat at constant volume, 
the specific heat at constant pressure, and the latent heat of 
expansion. 

16 . Qoneral equations of the eShets produced by heat. 

For an increase dt of temperature when the volume remains 
constant, heat equal to k dt is required, if h is the specific heat 
at constant volume ; and similarly for an increase dv of volume 
when the temperature remains constant an amount of heat Idtf 
is required, if / represents the latent heat of dilatation. If the 
variations of / and take place together, then the heat imparted 
dll is given by </// _ f, dt+ldv. (3) 

It is obvious that / is the partial differential coefficient of // 
with regard to v when / remains constant ; Professor Clausius 

therefore denotes it by and M, Saint-Robert by (//,), „ 

similar symbols being used to express 'the other capacities. 
These are much more expressive than the single letter we 
employ, but present such a formidable appearance in the ther- 
modynamic equations that the simpler symbols, even with the 
trouble of remembering their meaning, are preferable. 

If a body undergoes an increase di of temperature when the 
pressure remains constant, heat Kdt is absorbed, A' — that is, 

. or — being the specific heat at constant pressure ; 

di F 

and for an increase dp of pressure at constant temperature an 
amount of heat Ldp is required, L being a thermal capacity 

without specific name which is expressed by (^^)y • If i^cse 

variations occur simultaneously the total heat dll required is 

dir^Kdi’\‘Ldp, ( 4 ) 

If we represent the state of the body by the variables / and 
we get in a similar manner some such equation as 

dH:=^^dp^^dv, ( 5 ) 

being the partial differential coefficients of // with respect 
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to p when v is constant and with respect to v when p is constant 
respectively. 

The student should find no difficulty in remembering the 
meaning of the above six symbols. With regard to other 
dififerential notation, we use the symbol d to signify total and 

the symbol d to denote partial differentiation : thus ^ means 


the total differential coeflficient of p with respect to /, ind 
its partial differential coefficient only: if no brackets are 

used in this latter case the variables are those we have adopted, 
V and /, that one being constant which does not occur in the 
expression ; and if the variables are otherwise, that which is con- 
stant is denoted by a subscript outside a bracket; — 

thus representing the partial differential coefficients of E with 
respect to / when v and p respectively remain constant. We 
shall further omit the bracket and subscript where t alone 
are concerned, the omitted variable being considered constant : 

thus In / and p are the variables considered, the latter being 


constant. In Chapter VIII the only variables used are m and /, 
and no brackets are employed. 

16 . Belations between the thermal capacities. By the 
characteristic equation we can express as a function of p 
and /, and therefore 


dv = 


Yt 




(«) 


hence we have from (3) and (4) 


Kdl+Ldp = kdl+ldv 


whence it follows that 


L = 


/ 


'bv 

hp 


( 6 ) 

( 7 > 
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By similar methods we find 






IL 

hp 


or 


and 


-Z ^ - JiT-k 

^z; 


^3 

( 8 ) 

9 ) 


Thus all the capacities are expressed in terms of the specific 
heats. We have made no supposition as to the units in which 
the«heat dll and therefore all the different thermal capacities are 
measured ; as however we shall shew in the next chapter that 
heat is equivalent to work, the megalerg therefore being a con- 
venient unit, we shall consider the capacities all expressed in 
megalergs. 

M. Regnault has experimentally determined in thermal units, 
and denoted by the specific heat under constant pressure 
for most substances : K represents the value of the same in 
work units, and, as shewn in the next chapter, is equal to JC, 
where J is 41-675. Denoting by c the specific heat of a body 
at constant volume in thermal units, we have also k = Ji\ 

K C 

The ratio of the specific heats, viz. or — , is a very im- 

A c 

portant quantity : we shall denote it therefore by a single symbol 
K. It is sometimes denoted by y, which is not however so 
convenient or suggestive a letter. 

From equation (^7) we have, when v is constant or dv zero, 

'bv „ _ 

and similar relations ; we have further 

I 


or 




and therefore by {^) ^ 


'bt' 


"hv 'bp 


bv 

'bi 




bp bi bv 

bp bv bi 

bv ' bi bp~~ 


w 


and also 
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VJ. Volmne-elastioities. The volume-elasticities of ajsub- 
stance with respect to two variations of condition, or rather 
their ratio, ^are important quantities : these are the elasticities 
when change of condition occurs without addition or loss of 
heat and when it occurs at constant temperature, i,e. the elasti- 
cities at constant entropy and at constant temperature (which 
Sir W. Thomson also terms the kinetic and static bulk-moduli 
of elasticity), and they are denoted respectively by €„ (or*€^, 
see § 6o) and 
We have by § 7 , 

r dp^ Tsp - 

7^/ 




r ^ 

= 1 — 7^.1 = 

•“ (iv ■*// to 


JiT 


A' Tip 

Tit ^ k hv* 
Tip 


Z' (") 


hence 




( 12 ) 


or the ratio of the kinetic and static bulk-moduli is equal to the 
ratio of the specific heats under constant stress and constant 
strain. 

The reciprocal of the volume-elasticity is called the coefficient 
of compressibility ^ and is generally denoted by 
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Conservation of Energy. 

FIRST LAW OF THERMODYNAMICS. 

18 . Heat a form of energy. It has been shc\fn that, if 
a system of bodies is subject only to the mutual actions of its 
parts, the total energy of the system remains constant, whatever 
changes occur within it. But in no machine does this con- 
dition seem to be exactly realized, even after allowance has 
been made for the energy spent in producing sound and the 
sensible vibrations of the machine : heat however is produced 
in all the cases when this apparent loss of energy occurs — as in 
the case of friction, percussion, &c., and this fact has led to the 
conclusion that heat is a form of energy. The chief arguments 
for this assumption and for the further hypothesis that heat 
is the energy of motion of the ultimate molecules of matter 
may be briefly stated as follows. 

Heat is not material hid a form of energy, 

(a) A body has the same weight when hot as when cold, 
unless there has been oxidation : this may be shewn by weighing 
it in nitrogen or in a vacuum. 

(/3) Heat may be generated in any amount and cannot there- 
fore be material : thus Cotint Rum ford found himself able to 
boil any quantity of water by the heat produced in boring 
cannon. 

(y) The disappearance of mechanical energy is always ac- 
companied by the production of heat. 

(d) The quantity of heat produced is exactly progprtional 
to the quantity of work spent in producing it : this is shewn 
in § 24. 
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Heat is kinetic ener^, at least partly. 

(c) When heat passes by conduction between bodies in con- 
tact at different temperatures, changes occur in their volumes, 
shewing that heat is accompanied by motion. 

(f ) If the bodies are separated interchange of heat is still 
observed ; thus the energy of heat during its radiation between 
the bodies must exist in the kinetic form. 

t 

(rf) The perfect identity of the laws of radiant heat with 
those of light as to reflexion, refraction, interference, absorption, 
polarization, double-refraction, &c. requires the same theory 
as to thek nature. 


Eea/ IS molecular energy. 

(fl) No motion of a body as a whole is observed as a con- 
sequence of heat : the motion must therefore be molecular and, 
at least in solid bodies, oscillatory. 

The argument (tj) may be expanded with advantage. If the 
radiation from a luminous slit be received on a screen after 
passing through a prism or grating, it is found in general to 
be decomposed into a multitude of rays of very varied refrangi- 
bility, some of which are visible and others invisible. Now 
each ray of the luminous spectrum produces not only the sensa- 
tion of light in the eye, but also the sensation of heat when 
it falls on the nerves and chemical action in the haloid salts 
of silver and other substances ; it is also found that any varia- 
tion in its power of producing one of these effects entails a 
proportionate variation in its power of producing the others, 
whether the variation is caused by reflexion or refraction, inter- 
ference or absorption, polarization or double-refraction, whence 
we conclude that all three effects are the result of one and 
the same action according as it works in one way or another ; 
and as the phenomena of light can only be explained by the 
transversal vibrations of ether, we can only accept the same 
explanation for those of heat. This explanation must be ex- 
tended further to the invisible radiation, as there is no difference 
whatever in kind between them : for by concentrating the in- 
visible ultra-red rays by a lens on a solid body, or by passing 
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the invisible ultra-violet rays through quinine^ we can transmute 
them into radiation visible to the eye — the phenomena of ca- 
lorescence and fluorescence. 

19. First Law of Thermodynamics. The really con- 
clusive argument of those given above in proof of the dy- 
namical nature of heat is (6) : this exact equivalence of heat 
and work is called the First Law of Thermodynamics. It was 
first Stated by Sir H. Davy ^ in 1812, but dropped out of sight ; 
Dr. Mayer^ restated it in 1842 on theoretical grounds and 
determined the ratio between the units of heat and work— 
but by an assumption at that time unwarrantable; it^owes its 
conclusive demonstration to Dr. Joule's experiments* in 1843, 
which have been confirmed in their result by the widely differ- 
ing methods of experiment he has since employed and which 
are given below. The ratio of the unit of heat to the unit of 
work — commonly called the mechanical equivalent of heat — is 
therefore generally denoted by 7: its reciprocal or the ratio 
of the unit of work to the unit of heat— hence termed the heat 
equivalent of work — is often expressed by A, These ratios 
necessarily depend upon the units adopted. 

DR. JOULE’S EXPERIMENTS. 

20. I. By magneto-electricity. It is known that, if a 
soft-iron core wrapped with insulated wire forming a circuit be 
rotated between the poles of a magnet, induced currents are 
set up in the wire on the successive magnetization and de- 
magnetization of the core. Dr. Joule, having already deter- 
mined that if voltaic electricity pass along a resisting wire its 
energy is transformed into a heating-effect proportional to the 
resistance of the wire and to the square of the current intensity, 
shewed in 1843 that the induced currents conform to the same 
law, and further that the heating effect is in their case pro- 
portional also to the work spent in causing the rotation *. The 

* Elements of Chemical Philosophy. London, 1812. ^ 

^ Ueb. Ann, xlii. (1H42) 233, trans. PhU. Mag. [4] xxiv. (1862) 371. 

* Mag. [3] xxiii. (1843) 263, 347 , 435* 

* Ibid, 
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0 

core he used consisted of soft-iron plates insulated from each 
other by oiled paper and bound together: this was wrapped 
with silk-covered copper wire and enclosed with water in a 
^ss tube which was mounted horizontally between the poles 
of an electromagnet where it could be rotated by wheelwork 
about a vertical axis through its centre. The tube was covered 

with tin-foil, slit horizontally to 
prevent external induced* cur- 
rents, and with flannel to pre- 
vent radiation and convection of 
heat. The terminals of the wire 
dipped into commutator grooves, 
containing mercury covered with 
water, which communicated with 
a galvanometer. In each experi- 
ment the tube was rotated for 15 
minutes and the rise in tempera- 
ture of the water measured. The 
necessary corrections were — 

(1) For radiation, which was experimentally estimated at a 
quarter of the difference between the mean temperatures of the 
room and the water. 

(2) For the heating of the water due to its agitation by the 
rotation and to possible conduaion from the pivots : experi- 
ments made with the current of the electromagnet broken, when 
corrected for radiation, gave this correction. 

(3) For the heat developed by the induced currents set up 
in the separate plates of the core : this was estimated by ex- 
perimenting with the circuit of the wire round the core broken 
so as to prevent induced currents being generated in it, and by 
then applying the two former corrections. 

The tube and core were made to revolve by the fall of 
weights, a correction being made for the weight required to 
move the whole with equal velocity without the inductive action. 
Work being expressed in gravitation measure, the mean of th'fe 
experiments gave 7= 45976, or that one calorie of heat is 
equivalent to 45976 gram-centimetres of worL 
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2L II. By the friction of fluids, (f) By working' a 
piston perforated by a number of small holes in a glass cylinder 
containing water and measuring the work as in I, Dr. Joule 
in 1843 found 7= 42464. 

( 3 ) From 1845 to 1849 Dr. Joule experimented by another 
method® with the apparatus constantly improved. He finally 
used a cylindrical box of thin copper in which rotated a vertical 
spindle armed with 
eight brass paddles of 
complicated form, as 
shewn in the figure: 
four fixed vanes, so 
shaped as barely to 
allow passage to the 
paddles, prevented the 
fluid with which the 
box was filled being 
carried round by the 
motion, the energy of 
rotation being trans- 
formed by the conse- 
quent friction into Fig. .v 

heat: this effect could 

be read to degree c. by a sensitive thermometer inserted 
through an opening in the lid. The paddles were set in motion 
by the fall of weights /F, which, turning the axes of the. pulleys 
/* supported on friction-wheels, communicated a rapid motion 
to the roller by means of the cord C : the roller could be 
detached from the spindle by removing the peg /, so that the 
weights could be wound up without moving the paddles — an 
operation performed 20 times in each experiment, which lasted 
about half-an-hour. The part 3 of the axis was of boxw'ood 
to prevent loss of heat from the box by conduction. The cal- 
culation is as follows : — 

* Phil. Mag. [3] xxiii. (1843) 443, corrected in [3] xxvii. (1845) 306. 

* Phil. Mag. [3] xxvii. (1845) 305, xxxi. (1847) 173, C.R. xxv. (1847) 
309, PMl, Tram. cxl. (1850) i 6i. 
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Let 0 be the observed rise in temperature of the fluid, t 
the loss by radiation (estimated by experiment joined with 
Newton's Law of Cooling), m' the reduced water-capacity of 
the box and its contents ; then the work done has raised the 
equivalent of m' grams of water through 0 + t degrees, that is 
+ or ^ grams through degree c. 

Let // be the total fall of the weights, n the number of times 
the fall is made during an experiment, v the mean velocity of 
the fall; this velocity would be generated by a fall through 

— , and hence the whole height through which the weights 

must have fallen to acquire the energy which is destroyed on 
the weights reaching the ground without a corresponding thermal 

effect in the box is n — or h say : thus II— h is the effective 

fall. Let M be the mass of the moving weights, m the mass 
whose fall would turn the roller with equal velocity when the 
paddles are unattached (this measurement being attended with 
uncertainty): then the work done by the fall, expressed in 
gravitation measure, is The elasticity of the 

string is found to do work i : — called the resilience — after the 
weights have reached the floor, nE being thus done altogether, 
so that the total work gained by the fall of the weights is ^ 
(//—//) {M—m) + nE: 

but part of this is spent in producing vibration in the apparatus 
— the energy of which V is difficult to estimate — and in pro- 
ducing sound, the energy of which .S' Dr. Joule measured by 
the work required to obtain from a violoncello a note of the 
same pitch and intensity : hence the total work spent in friction 
of the fluid is in gravitation measure 

{/I—h){M—m)’^nE—y—S or WL say. 


and the ratio of 9I2E to gives 7 . 

The experiments performed were upon water, sperm-oil, 
mercurj% and cast-iron working upon cast-iron in mercury, and 
in the last case only had .S', and r appreciable values. In one 
of the final experiments on water the following were the values 
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of the above quantities expressed in grains, centimetres, and 
degrees centigrade : — 

9 « 0.3196, H * 3201001, M * 26318 223, 

T * >0.0067, V * 615, m « 183 834, 

* ^515-97» « = 20, E « 11701.287, 

ft » 1976*20; A * 0*386; S3880155; 

whence y= 42445, or, when proper correction for vacuum is 
made,* 7= 42394* 

22. III. By the compression of gases, (a) When work 
is spent in compressing a gaseous fluid, evolution of heat oc- 
curs ; and if no heat is absorbed or emitted by the ga% during 
its variations in density, the work spent in producing a given 
thermal effect may be directly determined. The above con- 
dition is the principle unwarrantably assumed by Dr. Mayer; 
Dr. Joule however shewed in 1844 that it is appreciably satisfied 
by air, and he deduced 43781 as the mean value of J given by 
his experiments ^ 

Air was compressed by 
a force pump into a copper 
reservoir of 2237 c.c. capa- 
city after having been drawn 
through a Ca Cl^ drying 
tube and a leaden spiral 
tube immersed in water, 
which gave it a constant 
temperature. To collect the 
evolved heat the pump and 
reservoir were immersed in 
a known mass of water in a 
tinned- iron jar, which served 
as a calorimeter and was 
provided with double walls 
to diminish the loss of heat 
by radiation. After 300 Fig. 4. 

strokes of the piston, when 

the pressure had become about 22 atmospheres, the rise in 
‘ PAi 7 . Afflg. [3] xxvi. (1845) 369. 
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temperattire of the water was noted by a thermometer reading 
to degree c. TJie necessary Wrections were — 

(1) For radiation : this was estimated by experiment and 
Newton’s Law of Cooling. 

(2) For the heat due to the friction of the piston in the pump : * 
this was estimated by working the piston 300 times without 
compressing air, and ms^king an allowance for the difference 
in the mean pressures during the two experiments — a coriection 
of much uncertainty. 

As the pump was worked by the experimenter, the work 
could Tjot be directly measured: but assuming Boyle’s Law, 
to hold in the case of air, we have by integration, as 
the temperature is nearly constant, 

Work = /pdv = = A A log. ~ > 

the suffixes denoting initial values. 7'^ was determined by allow- 
ing the compressed air to expand till its pressure became p^: 
7» is the capacity of the reservoir. 

One of Dr. Joule’s experiments gave 23482 c.c., and 77‘*65 c. of 
haromelric pressure, or the weight of 77-165 x 1 3-596 1049- 13 g. per sq. c. 

'I'hc gain of heat w'as cMjuivalcnt to a rise of 13 25-4 g. of water through 1 
degree c., whence for gravitation measure 

? “ 1JJ5.4 ^ “ 43702. 

( 6 ) When gases ex- 
pand doing work, they 
experience a cooling and, 
the above condition being 
satisfied, the cooling ef- 
fect is proportional to the 
work done. Dr. Joule 
determined the relation 
between these two effects 
Fig. 5. in the following way * : — 

Compressed air was 
allowed to expand from the copper reservoir containing it 
* P*i/. Afag. [3I xxvi. (1845) 369. 
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through a long spiral tube into an ii^yerted cylindrical glass 
vase standing over water: "as it chased out the water it did 
work against the atmospheric pressure, and at the same time the 
water in which the reservoir and spiral were placed experienced 
a cooling. The gas was made to issue so slowly that the 
energy given to the water was negligible. 

If is the atmospheric pressure and the volume of water 
displaced, the work done is equivalent to the raising of a column 
of the atmosphere i square centimetre in section through centi- 
metres, and is therefore p^ in gravitation measure. /// being 
the water-equivalent of the calorimeter and all its contents and 
0 the cooling, mO calorics is the heat that has disappeared, 
and the ratio of p^^v^ to tnO is % 

In one of the experiments 76-5^9 c. of barometric pressure, or the 
weight of 76>e,2g x 13-596 » 1040-5 g. per square c. ; Vo»446ii, 10682, 

and 0 a 0.0966 ; whence J ~ 44992. 

23 . IV« By the thermal effects of an eleotrio current. 
In 1867 the method adopted' was to pass an electric current 
through a resisting coil and measure the heat generated. The 
coil consisted of 366 c. of platinum-silver w^irc, bent double to 
prevent induction on its j)arts and then coiled in a spiral round 
a glass tube : it was provided with stout copper terminals and 
the whole was coated with shellac and mastic varnish. The 
calorimeter was of thin copper and, to diminish radiation as 
much as possible, was coated with tin-foil, then with two layers 
of silk net, and lastly with another layer of tin-foil ; in»it were 
inserted a thermometer and a stirrer driven by clock-work. 
Radiation and conduction by air were calculated from a series 
of interpolated experiments and allowed for. 

If m is the reduced water-capacity of the calorimeter and all 
its contents and r the corrected rise in tem])crature, mr is the 
thermal effect during the time /. If // is the horizontal com- 
ponent of the earth’s magnetic intensity and a the angle of 
deflection of the needle of a galvanometer placed in the circuit, 
k//tsLaa will measure the intensity of the current, k being a 

1 B, A. Rip. (1867), L 512. 

D 
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constant that must be ^determined for each galvanometer by 
experiment, r being the resistance of the coil and / the time 
of the experiment, tan a)*r/ is (by Joule’s Law) the work 
done in absolute measure, and the ratio of this quantity to mr 
gives the corresponding value of J, 

The numbers in c. o. i. units for the best experiment were h — 3*0436, 
H « 0*16957, tana » 0*59563, r * 989,530,000, / « 3600, m « 6081*96, 
T — 1.312: whence J is 4*216 xio\ or, wlien corrected for vacuum, 
4*313 X 10^ Dividing by 981*3, the value of g at Manchester, we find 
429*3 for the value of J when work is expressed in gravitation measure. 

24 . Owing to the greater accuracy attainable in Series II 
of these experiments Dr. Joule concluded from it in 1849 
the integer 772 best represents the number of foot-pounds of 
work at Manchester that are required to raise a pound of water 
from 60° to 6i®r., and a recent set of experiments^ also on 
the agitation of water, gives the number 772*55 for Greenwich, 
or 77**9 foot-pounds to raise af pound of water from 32° to 
33® F. Multiplying then by J x 30*4797 = 54*8635, we obtain 
42349 as the number of gram-centimetres of work required to 
raise a gram of water from o® to i®c., or 42349 is the value 
of y when work is expressed in c. g. s. gravitation units. Further 
multiplication by 981*13, the value of g at Greenwich, gives 
4*»550|000 as the value of 7 when work is measured in abso- 
lute units, or 4 *’55 If work is measured in megalergs. As the 
megalerg will be adopted in the following pages as the unit of 
work, we shall take 4**55 as the value of 7, or i calorie as 
equivalent to 41*65 megalergs. 

26 . M. Hirn’s experiment. Of the many experiments 
made by M. Him* to evaluate 7 we will describe one per- 
formed in 1859 which gives a result almost identical with the 
above. A cylindrical block of iron A and a prismatic block 
of stone B (faced on the end opposite A with a wrought iron 
plate) were suspended horizontally with their axes collinear, 
their ends being each supported by two strings so as to allow 
of their swinging only in a vertical plane through their axes : 
betweeh the blocks when hanging in their lowest positions, 

* PkU, p-ans, cUviii. (1878). 

* Tkeorii mtemigut d» la Ckaltur, 3^ W. (1875), i. 95. 
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with its axis coUinear with theirs, and just touched by them 
both, was placed with its mouth facing A a cylindrical piece 
of lead C partially bored out so as to form a cup. A was 
then raised through a known height and allowed to swing back 
and strike C just as reaching its lowest position it attained its 
maximum velocity : of the energy thus communicated to C part 
went in deforming it 
— a quantity ultimate- 
ly transformed into 
heat, part was trans- 
mitted to B making it 
swing back, C also 
joining in this motion, 
and part was given 
back to A causing its 
recoil. A fourth part 
must also have been 
absorbed in deforming the faces of A and B^ ultimately taking 
the form of heat ; but this quantity is negligible from the hard- 
ness of wrought iron. 

Let ni be the mass of A^ m' the mass of B^ fx the mass of C, 
h the height through which A is raised and //' the height 
through which it recoils, 1i the height through which B and 
C rise together : then the energy that is transformed into heat 
in C is m A")— (w'-hfi)A' or S2E in gravitation measure. 

The heating effect of this energy was determined by sus- 
pending C vertically, pouring into it a known mass of water 
at o°c. immediately after the blow (at the same time start- 
ing a metronome), and then reading the temperature of this 
water every four minutes, noting also the temperature of the 
air. As the temperatures in question were low and their differ- 
ences small, Newton's Law ofCooling was employed; whence, 
if r is the excess in temperature of the water and lead over the 
air at time x after the blow, and v is the velocity of cooling, 

-=-rr or r = 

the suffix denoting the initial value of r, could the water and 

n 2 



Fig. r>. 
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lead have immediately attained equilibrium of temperature. 
The values of t after times 2 x, ^x , ... being t^, Tj, Tj, ..., 
we find 




5= — — =r. 


and therefore 




.*■#•1 JL 






/j, . 


or if, the temperature of the air being a, the temperature? of 
the lead corresponding to the excesses t^, t,j 
we have 

If is the initial temperature of the lea^ and n' the mass of 
the water, the energy given by the blow has raised the lead 
through /o— fi and the water through degrees, and is thus 
equal to + or fi calories, C being the specific 

heat of lead : 7 is thus the ratio of WL to 1ft. 

In one of M. Hirn's cxpciimcntb m = 3*s x io*, m » 9 41 x 10', 
k ^ 1166, 10*3, 8 7, whence *= 2804^336 ; also a = 8*8®, 

/i « 12*1®, /, « whence /, •=* 12*49®; again 18*5, $ = 7*873°, 
C -s 0.03145, and therefore 1ft - 659*351 : hence J = 42530, work being 
expresseil in gravitation measure. 


CONSTITUTION OF BODIES. 

26. Intrinsio energy. Heat thus being energy, the capa- 
city of u system for doing work is altered as well by its loss or 
gain of heat as by the expenditure of mechanical work upon or 
by it. The total work that a body can do in virtue of its 
actual condition without any supply of energy in any form 
whatever from without is called its intrinsic energy and is de- 
noted by E (often also by U)\ it appears also in Sir W. 
Thomson's papers as the mechanical energy and in Professor 
Kirchhof fs as the workfuncHon of the body, while Dr. Zeuner 
calls it the internal work. It is obviously impossible to measure 
the intrinsic energy of a body, since for this purpose we must 
•rob it of all its heat: we are really concerned however only 
with the variations of the intrinsic energy, and these are at once 
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measured by determining the amount of energy in all forms 
that enters and the amount that leaves the body during the 
given change. 

As the energy of a system is presumably both kinetic and 
potential, the intrinsic energy of a body has been broken up 
into two corresponding parts, called the senstd/e heai and the 
iniernal work. These and their variations are however beyond 
the reach of experimental measurement, and their consideration 
belongs entirely to molecular science ; still, as they help us to 
form a conception of thermal phenomena, we shall briefly 
review them and the theories of the constitution o^ bodies on 
which they are founded, at the same time remembering that all 
is pure assumption. 

27. Constitution of bodies. Matter is generally supposed 
to be made up of indivisible unalterable particles called a/oms 
which are, at ordinary temperatures at least, separated by dis- 
tances very large in proportion to their size ; but they arc so 
small that an enormous number arc contained in what would 
appear to us an infinitely small mass — in fact their estimated 
diameter is one hundred millionth of a centimetre. There are 
supposed to be as many different kinds of atoms as there are 
elementary chemical substances, and these all attract each other 
and may therefore form groups which are called molecules: 
thus, according to the different atoms grouped together is one 
or another chemical compound formed, and according to the 
mode of grouping of similar atoms is one or another tallotropic 
form produced. The grouping together of two atoms of 
oxygen for instance is supposed to form the ordinary molecule 
of oxygen, while the anomalous grouping of the oxygen atoms 
in threes gives ozone; and again the differences between the 
four isomeric conditions of hydrogen tartrate one 

that rotates the plane of polarization of light to the right and 
is therefore called hydrogen dextro-tartrate, another rotating 
it to the left and called hydrogen levro-tartrate, a third made 
up of the other two and called hydrogen racemate# which is 
inactive, and a fourth which is also inactive — are supposed to 
be due to differences in the grouping of the C, 11 and 0 
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atoms. The atoms of a molecule so defined can obviously 
have both vibratory and rotatory motions. 

The interatomic spaces have been supposed to contain ether 
atoms which are much smaller and which repel each other 
while they are attracted by matter : they will thus form atmo- 
spheres around the material atoms, the density of which de- 
creases from the centre outwards. Professor Rankine uses 
the term atom to signify the central nucleus together with 'its 
atmosphere: M. Redtenbacher coins the special name dy^ 
namid. The movements of the particles of ether must obviously 
be confined within the boundary of the atmosphere. 

Thus when radiation falls on a body, the atoms, their atmo- 
spheres, or both may be set in motion and the body is warmed : 
its atoms too, or their atmospheres, can put the external ether 
in motion and the body then radiates. 

Professor Rankine in his hypothesis of molecular vortices 
considers that a body is solid when the atmospheres are so 
much condensed about the nuclei that their mutual repulsion 
is very small compared with the attraction between the nuclei ; 
that it is liquid when the atmospheres are less condensed, so 
that the attractive action between the nuclei produces merely 
a cohesive force suflicient to balance the repulsion between the 
atmospheres ; and that in a gas the action between the nuclei 
is almost insensible. 

Professors Clausius and Maxwell, working out M. Ber- 
noulli’s idea, reject the notion of atmospheres, the ether atoms 
not differing except in mass from those of matter, and consider 
the difference of physical state to depend on the distances 
between the molecules: in the solid state they are so close 
together as not to be able to move far away from their mean 
positions, so that their motion is oscillatory; in the liquid state 
one molecule can move out of the sphere of attraction of 
another, but only to come into the sphere of attraction of a 
third, thus moving with an irregular progressive motion ; in the 
gaseous «state the molecules are so far apart as to exercise 
but slight actions on each other, and they therefore pro- 
gress in straight lines until they collide against each other or 
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come into each other’s sphere of attraction and take new 
directions. 

28 . Sensible heat« Professor Rankine considers, with 
Sir H. Davy, that the sensible heat S of a body is the kinetic 
energy of the atmospheres the particles of which are in oscil- 
latory or progressive motion, and to connect this hypothesis 
with the undulatory theory of radiation he introduces the further 
supposition that radiation is effected by the motion under their 
mutual actions of the nuclei vibrating independently of their 
atmospheres. 

On the other theory the sensible heat is the tdlal kinetic 
energy of the system : this is a more complicated quantity, as 
the kinetic energy of a molecule is the sum of the kinetic 
energies (i) of the vibratory or rotatory movements of the 
atoms themselves, (2) of the rotatory movement of the molecule 
as a whole, (3) of its motion of translation, (4) of the motion 
of any molecules of ether that may be entangled in it. This is 
the preferaljle assumption. 

29 . Internal work. As the atoms in any molecule attract 
each other, and also one molecule attracts another, work must 
be spent to increase the mean distances either of the atoms 
or the molecules from each other : this work is however not 
lost, for the atoms or molecules by reason of their mutual ac- 
tions are able to do just as much work in returning to their 
original configuration : the work is therefore stored up as po- 
tential energy of molecular separation. The work that is done 
against molecular forces only in increasing the mean disUinces 
of the atoms or molecules from each other and in overcoming 
molecular forces when the motions are increased is called the 
internal work and denoted by /. 

If a body continuously receives heat, it finally assumes the 
perfectly gaseous state ; and as changes of density in this state 
entail no internal work whatever the temperature (as shewn 
in § 63), it follows that the same amount of work 3 must be 
done against molecular actions to bring a given body from the 
state in which it is absolutely cold — in which its atoms and 
molecules are absolutely motionless and in such positions that 
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the attractions and repulsions balance each other— into a state 
in v^hich it is perfectly gaseous, and this is the maximum 
amount of internal work that can be done in the body or is 
the maximum potential energy of molecular separation that it 
can possess. 

80 . External work. When a body expands against the 
action of external forces it does external work in overcoming 
them : if on the contrary it contracts and the external forces 
are such as tend to cause compression, then these forces do 
work upon it. We shall denote it by which is positive when 
the body does work. 

GENERAL EQUATION OF EQUIVALENCE. 

81 . We can now construct an equation expressing the First 
Law of Thermodynamics, and it will be simpler if we measure 
quantities of heat dynamically, that is, in megalergs, rather than 
in calories, as by this means we avoid the introduction of either 
J or A into our expressions : this is the method ^adopted by 
Professor Rankine. In this case we obviously cannot make 
direct use of the tables of different heat quantities, such as 
specific and latent heats, that have been constructed by M. Reg- 
nault and other experimenters; we must first multiply the 
numbers by 41*55 to reduce them from calories to megalergs. 

We shall consider the modifications in the molecular motions 
only of a body: if change also is produced by heat in the 
motion of a body as a whole— its visible or external motion, 
as M. Zeuner terms it — we shall leave out of consideration 
that part of the heat which is concerned with such change, 
except in special cases. 

Consider heat dll communicated to unit-mass of a body: 
there ensue in general — 

(1) An increase dE of the intrinsic energy of the body: 

(2) External work div done against external forces : 

(3) A communication of kinetic energy dv to external 
bodies : ^ 

(4) An amount of heat dR communicated to external 
bodies by radiation, conduction, &c.: 
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Hence the conservation of energy gives 

dH^ dE^dWJ^^dVJtdR. (l) 

This is the most general equation, but we shall generally 
simplify it by supposing dR = o, or that the body is never 
in presence of others whose temperature is not infinitely near 
its own, and dv = o, or that all changes of volume occur with 
exceeding slowness : this latter condition requires also that the 
stres^ exerted by any part of the body should never differ more 
than infinitesimally from the external pressure acting upon the 
same part. We shall consider too that no part of the external 
work dw takes the form of electric or magnetic energy. We 
thus have dH—dE-^- dir. (2) 

For solid bodies dE is by far the larger term on the right- 
hand side of the equation, being insignificant ; dlVxf* some- 
what larger for liquids ; but in gases it is dE that is nearly 
insensible. Of course any of the above quantities may be zero 
or negative ; thus dli is negative if the body loses heat instead 
of gaining it, and it is o if there is neither gain nor loss ; dW is 
negative if the body contracts — a phenomenon which generally 
occurs on the subtraction of heat, but also on the addition of 
heat in the case of water between and 4®c., of certain aqueous 
solutions, and of silver iodide between 10® and 7 o"c. 

dE is a perfect differential, since the energy of a body 
depends only upon its actual state, and not upon the mode of 
its attaining that state; but dlV depends on the relations 
between the stress and the expansion at the different .points 
of the body, and thus not only on the initial and final states 
of the body but also on the whole series of stales through 
which it has passed : hence dll is not a perfect differential, 
and for the integration of equation (2) a relation connecting 
the stress and expansibility at every point must be given. It 
is on this point that MM. Laplace and Poisson have gone 
wrong from their acceptance of the material theory of heat 
and their consequent assumption that dll is a perfect differ- 
ential : the true case was first distinctly stated by M. Clapsius. 
Given the necessary relation, we get by integration 


(3) 
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According to Professor Clausius* hypothesis, dE is in 
general made up of— 

(1) An increase of the molecular kinetic energy, or an 
increase of sensible heat dS\ 

(2) Internal work dl done against molecular forces, partly 
in augmenting the kinetic energy of the molecules and their 
atoms (whether this is done by an increase in their amplitudes 
of oscillation or a superposition of new forms of vibration) and 
partly in increasing their mean distances from each other : 

whence the general equation becomes 

dll = dS-\‘ dl-^- dW, (4) 

wherein dS and dl would both be perfect differentials. dS=i o 
during fusion and vaporization under constant pressure, as the 
temperature then remains constant. 

Following Professor Clausius' further we may simplify this 
equation by writing dD for dl+dPr, and we get 

d//szdS+dD. (5) 

dD is called the work of disgregation^ and represents on this 
hypothesis the whole work done, both internal and external, 
during the given change of volume: it is obviously not a per- 
fect differential. We shall consider this method later in § 59. 

We shall in general suppose, unless express mention is made 
otherwise, that the stresses consist simply of a hydrostatic 
pressure which is the same at all points : if then p is this pres- 
sure per unit area and v the specific volume of the substance, 
dir and the relation between simultaneous values of 

p and V must be given. We have then 



32 . Thermal lines. The loci of the points on the charac> 
teristic surface which represent the successive conditions of a 
body that alters its state under given circumstances are called 
thermal lines. We distinguish with special names (due to Pro- 
fessor^ Rankine and Gibbs) the following which are the most 
important. 

^ Atm, cxvi. (186a) 73, trans. PkO, Mag, [4] xxiv. (186a) 81. 
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Adtabatic lines, or lines of no transmission, are the thermal 
lines denoting the states of a body that is altered without 
communication or abstraction of heat. As no vessel can be 
made perfectly impermeable by heat, these lines can only ap- 
proximately be determined by experiment In this case // = o, 
and equation (3) gives ^ 

or th(i substance loses intrinsic energy equal to the external 
work done. 

Isopiesiic lines, or lines of equal pressure, are the curves that 
represent the states of a body when its pressure is constant : 
their orthogonal projections on the plane of pv are therefore 
always parallel to the axis of v. In this case p = and 
equation (6) gives 


These lines are also called isobars. 

Isometric lines, or lines of equal volume, denote the states of 
a body in which its volume is constant : their projections on the 
plane of pv are similarly always parallel to the axis of /. In 
this case dv = o, or ^ 

all the work done being therefore internal. 

Isothermal lines, or lines of equal temperature, connect the 
different states of the body wherein its temperature is constant. 
As an increase of pressure must produce a diminution of volume, 
otherwise an unstable condition will be realized, isoihermals are 
convex towards the origin of co-ordinates. On the above hypo- 
thesis we have in this case ds = o, and equation (4) reduces to 
dH 5= d/^dW, 

If the substance is in the saturated state the isothermals coin- 
cide with the isopiestics. 

Isenergic lines, or lines of equal energy (called also by 
M. Gazin isodynamic lines), are given by the equation dE^o\ 
in this case therefore 1^ — // 


or all the heat put into the body is spent in external work. 
The zero isenergic, or line of no energy, coincides witk the 
zero isothermal ; for, when £ zs o, both S and / must be zero 
too, as neither can be negative* 
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Isentropic lines, or lines of equal entropy, denote the suc- 
cessive states of a body wherein the entropy remains constant. 
From the definition of this property in § 12 it follows that the 
isentropics coincide with the adiabatics. 

The above names are generally given, not to the actual lines 
we have described, but to their orthogonal projections on the 
plane of pv\ for by these the work done during the corre- 
sponding transformations may be at once graphically represented 
as in § 8 : hence we shall also for convenience denote the pro- 
jections by the above terms, calling the actual curves on the 
characteristic surface the real thermal lines. If then a thermal 
line is defined by F(p,v) ss o, the corresponding real thermal 
line is the intersection of the cylinder /*(/, r*) = o, whose 
generating lines are parallel to the axis of /, with the charac- 
teristic surface of the substance /{pt v, l) = o. 

No two real thermal lines of the same type can intersect each 
other, as they imply an essential difference in the states of the 
body characterised by them : hence, if we are given a model 
of the characteristic surface of a body with its real thermal 
lines traced thereon, we can always immediately determine its 
pressure, density, temperature, energy or entropy corresponding 
to a state defined by any two of them ; for the intersection of 
the two curves characterising this slate determines a point 
through which must pass all the curves corresponding to the 
other qualities. The same is generally true if we are given a 
complete diagram of the projections of these cur\'es on the 
plane of ptf — or, according to the above nomenclature, a com- 
plete diagram of the thermal lines : Professor R ticker has 
however shewn that in certain cases, which we shall examine 
at length in § 44, two isentropics may cut each other, and 
therefore also two thermal lines of any the same type. 

I'he r-axis is asymptotic to all isothermals and adiabatics ; 
for indefinite expansion brings every body approximately into 
the perfectly gaseous state, in which p is infinitely small for 
infinite values of v : it is asymptotic also to all isenergics, since 
these in the case of a perfect gas coincide with the isothermals, 
as shewn in § 63. 
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33. Adiabatios. Where an adiabatic A crosses an iso- 
thermal /, it is inclined at the greater angle to the axis of 
volumes : for if a substance that expands 
as its temperature rises is enclosed in a 
vessel and then slightly compressed, the 
work spent in the compression is trans- 
formed into heat, which is retained if the 
walls are perfectly impermeable by heat 
and, by tending to increase the volume of 
the substance, increases its resistance to ' Fig. 7. 
compression and causes a greater increase 
of pressure than if it were allowed to escape and the temperature 
to remain constant ; and again, if the substance contracts as its 
temperature rises, compression lowers the temperature, and the 
heat that enters in consequence from without, if the walls arc 
permeable by it, tends to produce a greater compression than if 
the walls were perfectly non-conducting. Professor Maxwell* 
shews that this is an illustration of the general principle that 
for any alteration in the state of a body subject to constraint 
greater force is required than for the same alteration when there 
is no constraint. 

Professor Rankine^ has applied the properties of adiabatics 
to the graphic representations of the energy of a lx)dy, the 
heat spent in any operation, &c. : we give the most important 
of these, which depend on the following theorem. 

Suppose a body initially in the state A (Fig. 8) to .expand 
without loss or gain of heat, that is, along the adiabatic //a, 
doing work against exterhal pressure that is at all times only 
infinitesimally less than its own. Now when the volume is 
infinitely large the work that is done by further expansion 
is infinitely small, as Ov is asymptotic to Aa^\ hence the area 
bounded by the ordinate Aa^ the adiabatic Aa^ and the zero 
isopiestic Ov^ has a finite value, and represents the maximum 
amount of work that can be done by the body, or, by equ;|tion 
(7), its maximum change of intrinsic energy, when it expands 

^ Tktory o/Heat, 4th cd. (1875), 131. 

* Phi!. Tram, cxliv. (1854) ^ 15 * 
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as above. But, the expansion being indefinite, the body finaUy 
assumes the perfectly gaseous state, in which changes of density 

entail no internal work (as shewn 
§ ^i)\ hence the external 
work is ultimately done entirely 
at the expense of the molecular 
kinetic energy, that is, the tem- 
perature of the body, whichlhere- 
fore finally becomes infinitely 
small, so that the intrinsic energy 
c Fig. 8. of the body, after infinite expan- 

sion adiabatically, is simply its 
potential energy S (see § 29). Thus we arrive at the theorem 
that, if is the intrinsic energy of the body in the state 
area A avaA = — 31, 

or the intrinsic energy of the body in the state A is represented 
by the sum of the area A avaA and a constant area equal 
to J. 

It is often* assumed by a mistake that the intrinsic energy of 
the body in its infinitely extended state and cold is zero instead 
of 3 : this mistake docs not however affect the following results 
as they depend on differences only of the values of £, or on dif- 
ferences of areas such as A avaA, so that 3 disappears. We 
shall always consider areas to be positive if traversed in the 
direction of motion of the hands of a watch. 

(1) The change of intrinsic energy of a body in passing from 
one state to another. 

At A the intrinsic energy is AavaA+3, and at E it is 
E'^vbn+3: the change of intrinsic energ}' in passing from 

to is therefore the difference between these areas, or the 
area AabBfiaA,, which is independent of the path AB, Our 
results will not differ more than infinitesimally from the truth 
if we suppose that all adiabatics touch the zero isopiestic at the 
same point. 

(2) The heat required to transform a body by any path from 
one state to another^ 

This is represented by the area included between the path- 




Conservation of Energy^ 47 

curve and the adiabatics through the initial and final states: 
for in the path AB it is the sum of the increase of energy 
AabBpaA and the work done ABhaA^ and is thus the area 
ABfiaA, re^rd being paid to the si gns of the area s. In the 
diagram this area is positive, thus denoting heat absorbed (the 
body passing from a lower to a higher adiabatic), and it lies 
to the right of the direction of change AB ; if the direction 
of the change were from B to A, heat represented by the 
negative area BAafiB which lies to the left of BA must be 
emitted: hence 

(3) To determine in any transformation whether heat is qhsorbed 
or emitted. 

Draw the adiabatic through the point representing the initial 
state : if the path-curve lies above the adiabatic, heat is absorbed ; 
if under, emitted. 

(4) The heat supplied when the points representing the initial 
and final stales are on the same adiabatic. 

This is the area between the path-curve ?ind the adiabatic, 
as follows at once from (2) when the second adiabatic is made 
to coincide with the first ; this area is positive if the body passes 
from the curve to the adiabatic in the direction of the hands of 
a watch. 

The above method requires an infinite diagram : M. Cazin * 
has removed this objection 
by introducing isenergics — a 
slight complication which is 
however a convenience on 
the whole. Let the isenergic 
through the initial state A 
cut the adiabatic through the 
final state B in the point C : 
then the area ABbaA repre- 
sents the work done during 
th^ passage of the body from 
A to B, the area BCcbB represents the change in its intrinsic 



Fig. 9. 


‘ TMorii ilimentairt de% nrnhmet h air chaud, (1865). 
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energy, and the area ABCcaA the heat that has been supplied 
along the path AB. For 

£ ^ BCpvbB+3, 

and -^0 = CfivcC+3, since C is on the isenergic through A ; 
hence = BCchB. We may further note that it is not 

necessary to draw the particular adiabatic that passes through B 
provided we can draw the isenergic that passes through it ; for 
if any other adiabatic B^C^ is drawn, the area B^CcVlf ec^ally 
represents the intrinsic energy acquired by the body in passing 
from A to B, or, indeed, in passing from any point on the one 
isenergic to any point on the other. The signs of these areas 
determine the real phenomena. 
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Transformatim of Heat. 

CARNOT'S PRINCIPLE. 

34. Heat engines. A machine by which heat can be con- 
tinuously transformed into work is called a heat engine. We 
have seen that when heat is given to a body an equivalent 
amount of work is done, partly internal and partly external, but 
work cannot be continuously performed without a reciprocating 
motion of some kind in the engine : air, for. instance, enclosed 
in a cylinder by a piston and heated will expand and press out 
the piston, thereby doing work, but no more work can be done 
when the piston has reached the end of its stroke till by some 
means it has been brought back to its former position. For 
this action work must be spent by the engine if it is self- 
acting, so that useful work is not done in amount correspond- 
ing to the whole amount of heat communicated ; part of this 
heat is therefore untransformed and must have been given up . 
as heat to other bodies if the air is brought back to its original 
condition, or, as it is said, if a complete cycle of operations has 
been performed. The bodies from which the working sub- 
stance of the engine (in the above case air) receives h^at are 
called sources^ and those to which it gives up heat are called 
refrigerators ; these terms* are often replaced by furnace and 
condenser in the case of vapour engines. 

36. Carnot’s oyole. The simplest cycle for an engine 
to perform is that devised in 1824 by M. Carnot ^ and though 
it cannot be practically realized, our reasonings are not thereby 

* See Clapeyron’s Mimoire dt la puissance moirice de la ehdUur^ Joum, de 
VEcole Poly. xiv. (1834) 153, or Thomson's An Account Carnot's Theory, 
dee.. Trans, R, S, E. xvi. (1849) 541. Carnot's original tract, Rifiengim sur 
la distance motrice du feu et sur les machines propres d ddveloper eette puissanee, 
is not procurable : it has however been reprinted in Ann, de VEcole Norm, 
fal i. S93, 

X 
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invalidated. Heat is supposed to be taken in by the working 
substance of the engine, always at one constant temperature 
and to be given out always at another constant temperature : 
thus there are one source and one refrigerator only whose 
temperatures are not to vary with the losses or gains of heat 
that they experience — a condition which is realized by a vapour 
in contact with its liquid at constant pressure, or when the 
source and refrigerator are very large; the engine moreover 

must be so constructed and of such 
materials as to prevent loss or gain 
of heat except ^at these tempera- 
tures. M. Carnot's hypothetical 
engine consists of a cylinder the 
piston and sides of which are per- 
fect non-conductors while the bot- 
tom is a perfect conductor, the 
whole possessing no capacity for 
heat: the source and refrigerator 
are formed of two stands A and B respectively, and C is a 
third stand of perfectly non-conducting material which has no 
capacity for heat. If the cylinder stands upon A or the 
temperature of the substance will be constant however its state 
changes ; and if it stands on C, no gain or loss of heat is possible. 

Let now unit mass of any substance, enclosed in the cylinder, 
be at the temperature / of the re- 
frigerator and be represented as to 
pressure and volume in its initial 
state hy^A in the diagram. The 
operations are as follows. 

(i) Spend work in compressing 
it without loss of heat till its tem- 
perature rises to T, that of the 
source: during this process the cy- 
linder rests on the non-conducting stand. If and are the 
intrinsic energy in the initial and final states and the work 
spent,' equation (3), § 31, gives 



Fig. II. 



Fig. 10. 
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and the successive states of the body are given by the adiabatic 
AB, 

(2) Let it expand and do external work receiving heat 
H from the source so that its temperature is always constant 
and equal to T\ during this process the cylinder rests on the 
source-stand, and the successive states of the body are repre- 
sented by the isothermal BC. If is the intrinsic energy in 
the Snal state C, we have 

(3) Let it expand further and do external work without 
receiving heat until its temperature falls again to <, that of the 
refrigerator : the adiabatic CD denotes the successive states of 
the body during this operation, in which the cylinder is again 
upon the non-conducting stand. If the intrinsic energy in the 
final state Dis E^^ then 

0 = ^3— 

(4) Expend work in compressing the substance at the 

consent temperature / until it returns to its original condition 
after giving up heat // to the refrigerator : in this case the 
cylinder is placed on the refrigerator-stand, and the successive 
states of the body are given by the isothermal DA, We have 
therefore — ^ 

Adding together these four equations, we have 
= area ABCDA = 

the total external work done, no change of intrinsic energy on 
the whole having occurred, since the body has performed a 
complete cycle. 

M. Carnot, assuming, though not without doubts, the ma- 
terial theory of heat, took h = //, since on the Vhole no heat is 
gained or lost by the body in the cycle, and considered the work 
done as due to the fall of heat from a higher to a lower tem- 
perature, just as work may be done by the fall of water from 
a higher to a lower level : his directions therefore for the*fourth 
operation (in his order the third, as he started from B') were to 
compress the body until as much heat has .left it as entered. 

E 2 
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Dr. Joule having conclusively established the dynamical theory 
of heat, Professor Clausius^ first rectified M. Carnot's mis- 
take by directing the compression to be continued so far along 
the isothermal DA until further compression along an adiabatic 
would bring the body to state B. We have followed Professor 
Maxwell's order of the operations, and thus avoided all chance 
of error and difficulty of expression. 

That h cannot be equal to H seems clear, from the con- 
sideration that, when // is totally transferred from a body at 
a higher., to a body at a lower temperature by conduction, no 
work is done; thus the circumstances ought to be altered if 
work is done : and again, if the engine were employed to agitate 
water, heat would be generated, as Dr. Joule's experiments 
shew ; but this heat would be created out of nothing, were h 
equal to //. A direct proof of this inequality was first given 
by M. Hirn's experiments on the steam-engine* in 1854. For 
each stroke of the piston m grams of vapour leave the boiler 
at temperature e®c.; the boiler being fed with water from the 
condenser at ^c., this vapour according to M. Regnault's ex- 
periments absorbs zw {6o6‘5 + o*305(e— 0)} calories from the 
furnace: thus //= {606-5 + 0*305(0— 0 )}. To keep the 

condenser at the constant temperature ^c., iW' grams of water 
at d®c. are injected at each stroke and absorb ^/(0— d) calories; 

‘ hence h = JM(^ — :&). It was always found that 11 is greater 
than h\ but to test the correctness of the experiments M. Him 
calculated the heat R lost by radiation and conduction (a very 
uncertain determination) and the work W done in each stroke. 
ri 

The latter is the integral / {P—p)fadly where w is the area of 

the piston, / the length of its stroke, Z’, p the working and resist- 
ing pressures on the faces of the piston due respectively to the 
vapour that has entered the cylinder and the vapour in the con- 
denser, the latter being generally called the hack pressure: this 
work is however more conveniently measured by the area of the 
indica^Lor diagram, or the indicator card^ as it is technically called. 

* Ann. Ixxix. (1850) 380, trans. Phil. Mag. [4] ii. (1851) 9. 

* J%iori9 mkamgif di la (SuUnir, 3^ 4d. (1875), i. 5+ 
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From the equation he found 40*51 as the mean 

value of 7’; this agrees sufficiently well with Dr. Joule's num- 
ber^ especially considering the difficulty of the experiments. 

36 . Closed cycles. The general case» Wherein the lines of 
the diagram are any whatever and not 
merely isothermals and adiabatics, admits 
of the same treatment. If during change 
of State from ^ to ^ unit mass of the 
working substance gives up heat 
takes in heat during the process re- 
presented by BC, and during the pro- 
cess CDy giving up 7/4 in its return to A 
along BA, the work done is represented 
by the area ABCDA, and the heat spent in this work is 

where // represents heat taken in, being reckoned negative if 
given out. Thus the most general expression of the first 
law of thermodynamics for closed cycles is 
fdH^ W. 

A closed cycle is termed simple if its bounding curves are of 
two types only, and complex if the curves are any whatever : 
thus Carnot's cycle is' simple, while that of Fig. 12 is com- 
plex. 

Being given any number of successive operations in each of 
which the initial and final states are identical, we may always 
consider them as forming part of one 
closed cycle. For considering two such 
series represented by the closed curves 
ABCA, DEFD, we may join them by any 
arbitrary line CD\ then together they 
differ from the closed cycle ABCDEFDCA 
only by the operations represented by 
CD and DC which are exactly inverse to 
each other in every respect, the difference being thus nothing. 

We may also break up any given closed cycle iqto any 
number of others by introducing arbitrary operations per- 
formed both directly and inversely. Thus the cycle ABCDA is 


n 


Fig. 13. 
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equivalent to the two cycles ABDA, BCDB together, the arbitrarily 
introduced operation BD being performed 
both directly and inversely and having 
therefore no influence on the whole. 

37. Beversible engines. A cycle is 
said to be reversible when the indicator 
diagram is accurately retraced in the op- 
posite direction if the operations are 'ex- 
actly reversed. 

Carnot’s cycle fulfils this condition; for considering the 
body initially at B^ we may (i) allow it to expand along the 
adiabatic BA doing work without receiving heat while falling in 
temperature from T to /, (2) by giving heat h and maintaining 
its temperature constant bring it to D along the isothermal 
AD^ (3) by compression without loss of heat along the adiabatic 
DC raise its temperature again to 7; (4) by further compression 
along the isothermal CB restore it to its initial state after taking 
away heat //. Thus work py, measured by the area ABCD, has 
been done on the body which has on the whole lost heat Jl^k ; 
these being equivalent, we have 

— {//—b) = area BADCB = — rr, 
the negative signs denoting loss of heat and work done on the 
body. There is this difference only with respect to perfect 
reversibility : the body is slightly cooler than the source when 
it receives heat from it as in the direct cycle, but slightly 
warmer when it gives up heat to it as in the reversed cycle ; 
and similarly it is slightly warmer than the refrigerator in the 
direct and slightly cooler in the reversed process : if however 
the expansions and compressions are performed slowly enough, 
these inequalities may be indefinitely diminished and a perfectly 
reversible cycle obtained. 

We commenced the above process at B instead of A^ so as 
to avoid the difliculty of expression noticed in § 35. 

38. Carnot’s principle. We have seen that for an engine 
to supply continuous work, there must be not only a transforma- 
tion of*heat into work but also a transfer of heat from a body 
at a higher to one at a lower temperature. If iy\& the work 



Transformation of Heat. 55 

done when heat H is abstracted from the source, the ratio — 

H 

is termed the Efficient^ of the engine; and Carnot’s Principle 
is that of all engines v^ith one source and one refrigerator at 
given constant temperatures the efficiency of a reversible engine 
is the greatest 

M. Carnot’s proof rests on the impossibility of the per- 
petual motion, ue. of obtaining useful work at no expense of 
energy : for, on the caloric theory, if any engine A is more 

w 

efficient than a reversible one /?, so that — > — > or W^>W^ 

H H 

where IV represent the work the engines do respectively 
while transferring heat // from the same source to the same 
refrigerator, a balance of useful work W will be obtained 
without on the whole any transfer of heat when the engines are 
coupled inversely so that R restores to the source exactly the 
heat H which A abstracts from it; or the perpetual motion is 
realized. 

Professor Clausius^ demonstrated in 1850 that this prin- 
ciple still holds g9od with the dynamical theory of heat: he 
rests it on the following axiom, not distinctly formulated^ till 
1854, which he calls the Second Law of Thermodynamics : — 

Heat can never pass from a colder to a warmer body without 
some other change^ connected therewith^ occurring at the same 
time ; or Heat cannot by itself pass from a colder to a warmer 
body. 

Sir W. Thomson® in 1851 put this into a more* precise 
form : — It is impossible^ bjjf means of inanimate material agency^ 
to derive mechanical effect from any portion of matter by cooling it 
below the temperature of the coldest of the surrounding objects. 
This latter axiom — the impossibility of getting work by cooling 
a condenser — seems the safer one to assunofe on general ex- 
perimental evidence; the modification of M. Carnot’s proof 
of the above principle required in either case is very slight. 

Professor Clausius’ modification is the following: if any 

1 Pogg. Ann, Ixxix. (1850) 500, trans. PM, Mag, [4] ii. (1851) 102. 

• Pogg. Ann, xciii. (1854) 488, trans. PM, Mag, UJ xii. (1856) 86. 

» Trans, R, S, E, xx. (1851) 265, or PM. Mag. [4J iv. (185a) 15. 
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engine A is more efficient than a reversible 6ne so that 
W W 

where H represent the heat abstracted 

from the same source by the respective engines to perform the 
same work W with the same refrigerator, then an amount of 
heat H—H^ will be transferred from the refrigerator to the 
source without on the whole .any expenditure of work when the 
engines are coupled together inversely so that A just driv& R) 
and this is contrary to the axiom. 

Sir W. Thomson's modification is this: if A is more 

W 

efficient ' than so that — > — , or W'>W, where tV', W 
H H 

represent the work done by the respective engines with the 
same refrigerator on abstracting heat H from the source, then 
an amount of work W*^W will be done without any loss of 
heat to the source when the engines are coupled inversely, so 
that R restores to the source exactly the heat H abstracted 
by A ; this work must therefore have been done at the expense 
of the heat of the refrigerator, which is contrary to the axiom. 

Taken in its strictly literal sense Professor Clausius’ axiom 
—-that heat cannot of itself pass from a colder to a hotter 
body — is perfectly true ; thus in Carnot’s reversed cycle the 
working body is just colder than B when it takes in heat and 
just hotter than A when it gives it out : but it is not strictly 
correct to call the transference of energy (though taken in by 
the body as heat and given out as heat) from ^ to a transfer- 
ence of heat from a colder to a hotter body, as we know not 
the form in which the energy exists during the body’s adiabatic 
change of condition. The statement is however intended to 
assert the impossibility of any such transfer of energy without 
compensatiany and this, as Professor Maxwell points out, is only 
axiomatic if the theory of entropy is so. Professor Maxwell 
also points out that Sir W. Thomson’s axiom requires some 
restrictions, as by allowing air, compressed in a cylinder at the 
temperature of the room, to expand we could get work from 
it though its temperature would fall beloyr that of the coldest 
of surrounding objects, and that with such restrictions the 
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axiom would merely re-assert Carnot's principle with greater 
generality. In fact the second law of thermodynamics is shewn 
by the kinetic theory of gases not to be true for. a group 
of molecules unless they are sufficient in number to form a 
sensible part of a body, so that it is a statistical and not 
a mathematical truth, and therefore not capable of strictly 
axiomatic statement. 

Tlfe great importance of Carnot's principle lies in its shew- 
ing that all reversible engines have the same efficiency: but 
reversibility is entirely independent of the working substance 
of the engine; hence the efficiency of a reversible engine is 
independent of the working substance and depends only on 
the temperatures at which heat is taken in and given out. 
Reversible engines are therefore called perfect 

Thus in Carnot's cycle we have 

IV 

whence, if the difference between the temperatures is infinitely 
small, or / = T^dT^ 
w 

— = T--dt) = T)^F'{T, T)dT 

=:_/r'(7; T)dr, 

since F{ 7; T) is zero, as no work can be done without a differ- 
ence of temperature. The quantity — (r, 7’) is called 

Carnot's Function^ and is denoted by ja : it is a function of 
the temperature of the source only. 

39. Work in reversible endues of finite range per- 
forming Carnot’s cycle. By § 36 we may consider a re- 
versible engine of finite range to be made up of an infinite 
number of reversible engines of infinitesimajl range, the re- 
frigerator of each being the source of the next and the heat 
rejected by one being that which is taken in by the next : for 
on the whole there is neither loss nor gain of heat except at the 
limiting temperatures, and the same amount of work is^ done. 
If in one of these engines heat H is taken in at temperature T 
and heat H-^dH rejected at temperature T--dT, the first law 
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gives the expression dH^ and the second law the expression 
fiJIdT, for the infinitesimal amount of work done. Equating 
these values we get dH 

— = (i) 


Bjr integration we extend this result over the whole range : 
thus if 7; / are the extreme temperatures, h the heat taken in 
and given out, W the work dbne, 


* — ^ 


h 


(2) 


). (3) 

This is Sir W. Thomson's general expression* for the work 
done by a reversible engine of finite range performing Carnot’s 
cycle, jm is a function of the temperature which can only be 
determined by experiment : the best method will be indicated 
in § 71. But the form of the function will vary with the ther- 
mometric scale employed, for, as we have seen, none of the 
scales in actual use is really absolute. Sir W. Thomson how- 
ever has made Carnot’s theorem the basis of two scales 
perfectly absolute in the sense of independence of the ther- 
mometric substance : these we now give. 


ABSOLUTE SCALES OF TEMPERATURE. 


40 . First absolute scale of temperature. In 1848 Sir 
W. Thomson® proposed to consider the difference of the tem- 
peratures of the source and refrigerator constant when the work 
done by a perfect engine on abstracting unit heat from the 
source is constant. Now the work done is by (3) constant 


/ /+T 

^dt is constant, where /+t and / are the 

limiting temperatures ; and on the proposed scale this integral 
will be independent of / and a function of t only. This requires 
fA to be constant : for the differential coefficient of the integral 
with regard to / (which must be zero since the integral is 
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independent of /) is the difference between the values of /ia 
corresponding to the temperatures / + t and /, and these values 
are therefore equal ; but t may be any quantity whatever, so 
that fj, must be the same for all temperatures. 

In this case therefore equation (3) becomes 
IV 

if tf-M- \=za\ also equation (2) becomes 


if we write 3 = = 


I 

a 


As therefore the difference in tSmpera- 


ture of the source and refrigerator of a perfect engine changes 
in arithmetical progression, the ratio of the amounts of heat 
taken from the source and given to the refrigerator changes in 
geometrical progression. 

It is found by experiment, indicated in the next article, that 
the efficiency of a perfect engine working between o® and ioo°c. 
. 100 

IS — - - : hence if we consider these temperatures the arbitrary 


points which coincide on the absolute and centigrade scales, 
we have 100 


I----:- =.073241, 


373*7 


and therefore a = 0 99689, b = 1-00312, fi = 0 0031 14. 

This scale is found to differ very greatly from that of the air 
thermometer, more and more degrees of the latter going to one 
of the former as the temperature rises : and again, the absolute 
zero of temperature on this scale is —00; for, were it the 
temperature of the refrigerator, A = o (as all bodies absolutely 
cold are entirely deprived of heat), and therefore r is infinite, 
or absolute zero is infinitely below any finite temperature that a 
source may have. On both accounts then this scale is very in- 
convenient and has therefore yielded to another absolute system. 

41 . Second absolute scale of temperature. In 1845 
M. Holtzmann, starting from incorrect principles, con<^luded 
that fi is inversely as the temperature from zero on the air- 
thermometer, and in 1850 Professor Clausius arrived at the 



6 o 


TransfornKUion of Heat. 


same conclusion by applying his amended form of Carnot's 
principle to the case of gases in a hypothetical perfect state. 
But this scale is not strictly absolute, as it depends on the state 
of the gas used and does not rest entirely on thermodynamic 
principles : defining temperatures howevpr with Sir W. Thom- 
son^ so that Carnot's function at any temperature is the 
reciprocal of that temperature we obtain a scale that is perfectly 
absolute. This definition moreover appears natural ; ‘for in 
equation (i), as temperature is a definite magnitude, homo- 
geneity requires fi to be the reciprocal of a linear function of T, 

Taking then we transform equations (2) and (3) into 



and 


fV _ r— / 
// ■“ r * 


( 6 ) 


Hence Sir W. Thomson remarks® that 'the absolute values of 
two temperatures are to one another in the proportion of the 
heat taken in to the heat rejected in a perfect thermodynamic 
engine working with a source and refrigerator at the higher 
and lower of the temperatures respectively.' 

This scale admits of a very elegant graphical expression. 
Draw the isothermal for any temperature T, and let A represent 

the initial state of unit mass 



Fig. 15. 


of the working substance of a 
perfect engine, j?, C, ... its suc- 
cessive states after communi- 
cation of heat H, 2//, ... at 
the constant temperature T, 
Through A, B, C, ... draw the 
adiabatics Aaa^ Bbfi, Ccy ^ ; 
if any other isothermal as 
abc ... is drawn, the areas 
ABbaA, BCcbB^ ... will all be 
equal, as they measure the 


work Kione by perfect engines working between the" same tem- 


* PhU, Trans, cxliv. (1854) 35 * ** 

* Tram, R, S, E, xxi. (1854) 125, or Phil. Mag. [4] xi. (1856) ' 3 x 6 . 
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peratures and abstracting the same amounts of heat from the 
source. Draw the isothermal corresponding to total 

deprivation of heat or to absolute zero temperature ; if this is 
the temperature of the refrigerator, the whol^ of the heat // 
taken in at T is transformed into work, or the areas AB^aA^ 
BCy^By ... are all equal to H. Divide these areas into 7 ’ equal 

* parts by a series of isothermals, each part being therefore ^ : 

then Sir W. Thomson’s scale of absolute temperatures is 
given by these successive isothermals. If abc is the iso- 
thermal corresponding to temperature /, there are r— / ®f these 

T^t 

small areas in ABhaA. or ABbaA = //— — : now ABbaA is the 

T 

work done by a perfect engine working between T and / and 
taking in heat H at the higher temperature; its efficiency is 
therefore w T-^i 

li~ T ’ 

the expression found before. 

Professor Rankine^ arrived 10^1851 at a similar expression 
in terms of the absolute temperatures on the air-thermometer, 
deriving it directly from the first law — without assuming a 
second— on his peculiar hypothesis of molecular vortices. 

Thus far the degrees of the new scale are arbitrary: it is 
convenient to determine them by drawing the isothermals for 
o^c. and loo^c., dividing the area between these lines and con- 
secutive adiabatics into 100 equal parts, and taking one of these 
parts as unit area, or area between consecutive isothermals. 
Then if the area AB^aA contains T such areas, the isothermal 
AB is that for temperature T, 

Experiment shews that the absolute zero temperature is about 
— 273-72° c.; the reason of the approximate 'coincidence of 
this zero with that of the air-thermometer, which suggested the 
scale, will appear in § 71, where the method of experiment will 
be described. 

It is best to draw the adiabatics so that the area iiltluded 


^ Tram, R,S, E, zz. (1851) ao8. 
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between consecutive adiabatics and isothennals represents unit 

work. This area being — , ^must be taken numerically equal 

to 7*, and then consecutive adiabatics are defined by a series of 
points A, C, ... on the isothermal for T, which represent the 
successive states of unit mass of the working substance of a 
perfect engine after successive additions of Tmegalergs qf heat 
at the constant temperature T. The adiabatics may be num- 
bered o, I, 2, (f>, beginning with the line of no heat: then 

if a perfect engine work between the isothermals /, and the 
adiabatics 0^, the total work done is (/— O(0“~0o)* 

The signification of 0 is given in § 6o; it is really the 
entropy of the body. 

In future, the next article excepted, we shall always denote 
absolute temperature by /, temperature on the Centigrade scale 
by 0, and absolute temperature on the air-thermometer by t: 
in all three scales loo degrees occur between the temperatures 
of melting ice and boiling water. 

42. Comparison of the two absolute thermometric 
BOales, To shew the disadvantage of the absolute scale first 
proposed we subjoin a table of simultaneous temperatures on 



T 

r 

r- 273.7 

T 

r 

-m-1 

0-0 

— 00 

I.SO 

4*3-7 

140*3 

a5o 

*37 

785-6 

200 

47S'7 

176.1 

200 

73-7 

431*3 

250 

5*3-7 

208-4 

150 

133*7 

a.SS-o 

300 

573-7 

*37-6 

100 

1737 

146-0 

64.8 

350 

6*3-7 

*64-5 

50 

333*7 

400 

673-7 

289-2 

0 

3737 

0-0 • 

450 

7*3-7 

3122 

+ 50 

100 

323*7 

373*7 i 

+ 53*9 

lOO-O 

600 

m-1 

333*7 


the different scales, supposing that in both the temperature of 
boiling water is higher by loo degrees than that of melting ice 
when jthe pressure is normal. T' represents temperature ac- 
cording to the first scale, and T according to the second ; the 
first column gives the readings of the second scale if the tern- 
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perature of meldng ice is taken as its zero. The comparison 
is easily made; for 

t ~J~ b^' 

and at the temperature of melting ice t = 273*7, f — hence 

7 -= 273.7^7’' 

!2££r !5Si23:» = tog 

^ IogI-00312 u o u 

43 . Zero thermal lines. We know absolutely nothing 
about the properties of solids at very low temperatures, but we 
can easily see to what results §§ 27, 28 will lead. Tiy stress 
exerted by a body, being the result of the motion of its atoms, 
is zero only when they are at rest, which occurs when the tem- 
perature also is zero : hence the zero isopiestic and the zero 
isothermal coincide. But to / = o, / = o can correspond only 
a single value of v, which must be the minimum volume that 
unit mass can occupy, since otherwise the atoms would begin 
to move under their mutual' attractions and so to exert stress; 
the zero isopiestic or isothermal thus reduce to the point which 
characterizes this limiting slate of the body. Again, as the tem- 
perature of a body in which there is no heat is always zero, the 
zero adiabatic coincides with the zero isothermal, and so also does 
the zero isenergic by §.32 : they are therefore also represented 
by the point that characterizes the state of the body when 
absolutely cold. Zero isometric there is obviously none, for 
the body cannot be squeezed into nothing. 

As no two real adiabatics cut each other, so no real adiabatic 
cuts the real zero isothermal, which is a real adiabatic ; hence 
no adiabatic cuts the zero isothermal, and thus it would be 
impossible to construct Fig. 15 exactly as is described: we 
might however substitute for the zero isothermal that part of 
the axis of v (infinitely distant from the axis of co-ordinates) 
which is asymptotic to the adiabatics. 

Professor Maxwell^ ingeniously avoids the infinite diagram 
given by this method — and at the same time all hype^theses 


> TAio/y of Heat, 4th ed. {1875), 164. 
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as to the state of the bodies at temperatures beyond the reach 
of experiment — ^by employing a fictitious zero isothermal and 

a series of fictitious adiabatics. 
Thus if the isothermal if cor- 
responding to temperature / 
bounds the part of the dia- 
gram that is known by ex- 
periment, and the adiabatics 
that cut it are continued by 
lines that do not intersect 
each other, then the line ZZ\ 
which is drawn so that the 
area included between it, the 
isothermal //', and the continuations of any two adiabatics 0 
and 4 /, is equal to treated as the zero iso- 

thermal and the prolonged lines as adiabatics. For the area 
included between the adiabatics cf> and <f>\ the isothermal if, 
and any other isothermal TT^ corresponding to temperature 
T in the known part of the diagram, is (7’— /)(<#>— <#>')> and 
the continuation of this area is /(<^— 0'), so that the whole area 
included between the lines XT', ZZ', and the adiabatics 
with their continuations, is 7’(0— and it therefore repre- 
sents the heat taken in by a body when it passes from the 
adiabatic ^ to the adiabatic at the constant temperature T, 
44. Intersection of thermal lines. M. Verdet' main- 
tains that two adiabatics cannot intersect, and offers as proof 
the following;— if AC, BCsie two adiabatics 
that intersect in C, a body, after travers- 
ing the isothermal AB and receiving heat 
therein, can traverse the adiabatics, doing 
work equal to ABCA without any accom- 
panying transfer Of heat ; and this is im- 
possible. This proof is fallacious; for 
Professor Rlicker/ has pointed out that it 
is impossible for the body to pass at the point C from one 

^ Thiori 9 nUeanifut dt la Chdkur (1868), i. 184. 

* Proe. R. S. xzu. (1874) 45a. 
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adiabatic to the other without absorbing or emitting heat, i. e. 
while fulfilling the very condition that it should not pass from 
one adiabatic to another. He has further shewn that this 
proposition is true only if the temperature is perfectly defined 
when the pressure and density are given. A single instance — 
the most striking case — of the intersection of adiabatics will 
make this clear. 

At^ ordinary atmospheric pressure denoted by the doited 
isopiestic in the diagram let and n represent the state of 
unit mass of water at the temperatures o®c. and 4®c. respec- 
tively: starting from any initial condition 
P between these two states at a tempera- P 
ture below 4®c., the body will contract on 
absorbing heat at constant pressure till it 
reaches where its density is maximum : 
further addition of heat will cause it to 
repass through the same states of density ® Pig, jg. 
as before, but at different temperatures. 

On regaining the density represented by P, it will now possess 
in addition to its initial stock of heat all that has been sup- 
plied; for none has been expended in work, the contraction 
and expansion having exactly compensated each other : hence 
each point P between A and B may be regarded as on two 
adiabatics, which there intersect. 

This case is even more striking; for if we cool the water 
still at the constant pressure, until it freezes, — in which^case its 
volume becomes greater than that denoted by A ^ — and then 
continue the abstraction ^f heat, we may reduce its volume 
again to that of the initial state P\ this state must therefore 
correspond to a third adiabatic through /; as on the whole no 
work is done while the heat is abstracted. ^Thus three adia- 
batics pass through every point between those corresponding 
to o°c. and 4°c., and, the case being similar on the neighbour- 
ing isopiestics, there is a region in the plane of po each point 
of which corresponds to three different states of the^ water- 
substance : hence not only do three adiabatics intersect at 
each point in this region, but there also pass through it three 

F 
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isothermals, three isenergics, in short, three thermal lines of 
every type except isopiestics and isometrics. 

Such points of intersection of thermal lines are iiot the pro- 
jections of real intersections of the corresponding real thermal 
lines, but denote that these curves in space seem to cross each 
other when viewed from the plane of po;. Professor Rtlcker 
therefore proposes to reserve the usual terms (intersect, cut, 
meet, &c.) for the projections of curves that actually meet on 
the characteristic surface, and to use the term cross for the 
projections, which intersect, of curves that do not meet in 
space. • 

There are some peculiarities in the thermal lines in this 
region wherein all crossings occur, which Professor R ticker 
has also pointed out. It is an experimental fact, upon which 
we shall say more in § 78, that a substance which would con- 
tract on absorbing heat under constant pressure, such as water 
between o® and 4°c., experiences a rise in temperature when 
allowed to expand without receiving or emitting heat ; this rise 
however cannot go on indefinitely, as work is done at the 
expense of the intrinsic energy which is finally due (see § 63) 
to the temperature increased only by a constant quantity (the 
potential energy of infinite molecular separation) : hence on the 
real adiabatic through the point representing the initial state — 
and all such points — ^there must be a point of maximum tem- 
perature, and the real isothermals through all other points of 
the samjj curve which lie within this region must meet it twice. 
Now the condition ^ f 

* 

coupled with the equation to the characteristic surface 
/(/, v,i)-o 

gives the locus o( the points of maximum temperature, and this 
curve therefore bounds the region in which real adiabatics are 
cut twice by the same real isothermal, and its projection on the 
plane of fv bounds the region in which two isothermals or any 
two thermal lines of the same type can cross each other. Also, 
since at all points on the curve of maximum temperature the 
tangent planes to the surface are perpendicular to the plane of 
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pD^ the projections on that plane of all lines meeting it touch 
its projection. 

Again, the projections of a real adiabatic and a real iso- 
thermal that meet twice also meet in two points, say A and B : 
they must further cross each other at some intermediate point 
C, and thus form two loops, since 
the ajiiabatic at a point is (§ 33) al- 
ways steeper than the isothermal. 

The isothermal that corresponds at 
C to this adiabatic jvill of course be 
represented by some such line as the 
dotted one, which conforms to the 
same rule. These three points coin- 
cide in the limiting case where the 
adiabatic meets the isothermal cor- 
responding to the maximum temperature above mentioned 
(that is, at the point where it touches the bounding curve of the 
region), and there is therefore contact of the second order be- 
tween these lines. 

Consider (Fig, 20) a pair of isolhermals ABCD^ if C'J^a\ 
each cutting twice a pair of adiabatics BC*JfC, AI/a'd, and let 
the different lines further cross each other in the points 0 , (/, 
P, Q, By Sy as in the diagram ; they all have contact of at least 
the second order with the line which is the projection of the 
curve of maximum temperature. Between the temperatures 
corresponding to these isothermals wc can make the substance 
under consideration perform Carnot’s cycle in twelve different 
ways. 

(i) Giving or removing the same amount of heat along AB, 
we can make the body traverse either the cycle ABC' if A or the 
cycle ABB' a' A ; these areas are therefore equ 4 l, and their dif- 
ference, the area C'OB'a'OD'c', is zero, or the two areas OA'B' O, 
Olfc'Oy which are traversed in opposite directions, are equal. 
Or again, giving or removing the same amount of heat along 
A'B'y we can allow either the cycle a'b'CDA' or the*cycle 
a' baa' to be traversed ; these areas (regard being paid to 
their sign) are therefore equal, and their difference, the area 

IT « 
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CDOABOC, is zero, or the areas oabo; 0£>co, which are 
traversed in opposite directions, are equal. Hence ike areas 
of the two loops formed by two adiabatics and an isothermal which 
meets each of them twice are equal. 

(ii) Similarly, if we consider either of the pairs of equal cycles 
ACC' a' A) ACC'lfA] 

ACS' A' A) ACB'I/A)' 

we find that the area B^(f PC' OPJB^ is zero, or the areas PCfB^Py 
PC' OP are equal ; and these equal cycles, paired together dif- 
ferently as A CC'a'a j a CB'a'a \ 

ACC' If a] ACS' If A^' 

shew that the area ifOQA'c/Qlf is zero, or the areas QOlfQy 
QA'fQ equal. Or again, of the four equal cycles a'C'CAA', 
A'c'CDA', A'C'BAA'y A'c'BDA' either of the pairs 
A'C'CAA') A'C'CDA' I 
A'C'PAA'] A'c'BDA'^ 

gives the area BORCCfRB zero, or the areas ROBR^ RCCfR 
equal, and either of the pairs 

A'C'CAA' \ A'CfBAA' ) 

A'C'CDA'^ A'c'BDA'} 

gives the area DCfSAOSD zero, or the areas SO AS, SDCfs equal. 
Thus the areas of the loops formed by any adiabatic and an is(h 
thermal which meets it twice are equal. 

This latter result may be deduced from the former by sup- 
posing* the two points of intersection of one of the adiabatics 
with the isothermal to coincide. IJTe see therefore that, if a 
body perform a cycle of operations which can be represented by an 
adiabatic and an isothermal, it will on the whole do no useful 
work. 

From the abSve the areas ROBR, RCCfR are equal, and by 
adding to each the area (fPRCf we see that the areas (fPOBCf, 
cfpccf are equal; if now we subtract from these respectively 
the egual areas POCfP, PB'cfP, we find that the areas Cf CfBCf, 
O'EiCCf are also equal: hence the |further, proposition: — the 
areas of the two hops formed by two isothermals and an adiabatic 
which meets each of them twice are equal. 
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Similar results are obtained on considering the shapes of the 
thermal lines near their other intersections with the boundary 
line of the anomalous region where it corresponds for any given 
pressure to a local maxi- 
mum volume : but in the 
case of water the con- 
siderations are more com- 
plicsyted by reason of dis- 
continuity occurring in the 
thermal lines. Hence the 
real isothermals that pass 
through all the points of 
a real adiabatic that lie 
between the two points 
where it touches the 
boundary line of this re- 
gion — the points of local 
maximum and minimum 
temperatures — meet it in 
three points: the same is 
true of the projections of 
these curves, but, as an 
adiabatic is always steeper 
than an isothermal at their 
point of intersection, the 
lines must further cross in two points intermediate to the points 
of intersection, and there are thus formed four loops which 
by the above proposition are equal, two and two. 

SECOND LAW OF THERMODYNAMICS. 

46 . Generalization of Carnot’s prmciple. To Sir 
W. Thomson' is due the following extension and generaliza- 
tion of the results of Carnot's principle if H represents the 
heat taken in or given out at the absolute temperature 7 ; being , 
considered negative if given out, by a perfect engine with several 
% 

» Trcms, R. S. E, xxi. (1854) 126, or Phil. Mag. [4] xi (1856) 217. 
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sources and refrigerators at different temperatures, then the sum 
of all [the quantities ~ is zero, or 



o. 


This is obviously true for Carnot's simple cycle; for we 
■ff h 

have — - = 0. Consider npw, with Professor Zeuner^ a 
T t \ 


cycle with two sources at temperatures 7 ^, wherefrom amounts 
of heat are taken, and a refrigerator at temperature / to 

which heat h is given out, the diagram being composed of iso- 
thermals and adiabatics. Let 
the initial state of unit mass of 
the working substance of the 
engine at temperature / be de- 
noted by A : (i) compression 
without loss of heat till the 
temperature rises to brings 
the mass along the adiabatic 
to B; (2) heat given at the 
constant temperature 7 ^ takes 
it along the isothermal to C; 
(3) further expansion without 
gain of heat till the temperature falls to carries it along the 
adiabatic to B ; (4) communication of heat at the constant 
temperature moves it along the isothermal to B; (5) a final 
expansion without gain of heat till the temperature falls to / 
takes it along the adiabatic to B; (6) a final compression at the 
constant temperature / with loss of heat h brings it back to its 
initial state A. This process is obviously reversible. If the 
adiabatic CD intersects the isothermal FA in and h is com- 
posed of heat K' emitted along FG and K emitted along GA, 
the complete cycle may be considered as made up of the two 
simple cycles ABCGA, DEFGD; hence we have 


P 



Fig. 21. 


7 \ / - 


o 


r, t 


^ Orundzfige der meehanischen Wdrmtkeorie, 2^^ Aufi. (1877), 62. 
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whence on addition 

7 ; 7i t T 

The same method may be applied whatever the number of 
sources and refrigerators and however complicated the diagram 
provided that it is composed of isothermals and adiabatics. 

The following proof is general for this case. Suppose the 
quanfities of heat jf£^, ... are taken in at temperatures 

7\, Tj, ... 7*^ respectively, a negative value of ^denoting emis- 
sion ; add a perfect engine emitting at and taking in 

H H 

® at another emitting at 7; and taking in at ®, 

Tj 7j 

and so on: these n perfect engines together with the given 
one emit on the whole no heat, but take in 

®:(— +— + •••+— ); 

*‘1 -*2 ^ n 

this quantity must however be zero, for, whenever heat is taken 
in by an engine, part of it is emitted since the whole of it 
cannot be converted into work ; hence 


^2 


Hn // 

•+:;^ = 2~=: O. 

7L T 


If the adiabatics come close together, the summation be- 
comes integration, and 

CdH 

Jr 

In the case of a continuous cycle-curve, divide the diagram 
into an infinite number of cycles 
by adiabatics infinitely nQ^,r each 
other and consider one of them 
PQUSP, in which dH is taken in 
along PQ at T and dh given out 
along RS at /: draw the iso- 
thermals that pass through P and 
R. Then we may consider the 
cycle PQRS as composed of the 
three cycles PQ<iP, PQ^Ra'P, 

S^RSS'; but in the cycle PQQ^P the difference between the 
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heat taken in and the heat emitted is negligible, being 
measured by 'the area PQ(f P which is an infinitesimal of the 
second order, and the same is the case with s'xss'f hence 
Carnot’s cycle pfps'p (whose area is an infinitesimal of the 
first order only) may be considered as taking in dlf at T and 
giving out dh at /, and therefore 
dir dh 


T t 


( 6 ) 


or on integration over the whole cycle 
CdH 

J r 

If we take the integrals between any two points A and £, we 
have ra fA hh 

Ja 'y'^Ja 

where the first integral refers to the part APQB of the curve 
and the second to the part BRSA ; if then we keep the first part 
constant but vary the second in any way, still keeping the whole 

dH 

' ~ remains always 

i? P 

the same: the integral therefore depends only upon its limits, 
or is a perfect differential in reversible cycles. 

The above generalization of Carnot's principle we may 
consider as the second law of thermodynamics. Thus the two 
laws with respect to the absorption and transformation of heat 
in closed reversible cycles are expressed by 


/ 

/ 


dH^W, 

dH 

T 


46. Equivalence of transformationB. Professor Clau- 
sius^ has establi^ed the above equation (6) by a very different 
course of reasoning, and has given it a physical meaning. 

M. Carnot's theorem may be stated thus:— Whenever a 
quantity of heat is converted into work by a reversible process 
and the substance effecting this transformation passes through 

^ Pogg, Ann, xciii. (1854) 481, trans. Phil, Mag, [4] xii. (1856) 81. 
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a complete cycle of changes, another quantity of heat must 
be transmitted from a warmer to a colder body; and the rela- 
tion between these quantities depends only on the temperatures. 
The real law of dependence of this relation on the temperatures 
is not brought into view by the simple cycle proposed by 
M. Carnot; for the heat transmitted is taken therein at the 
same temperature as that transformed. The foltefWing cycle 
suggested by Professor Clausius is more general. 

Let unit-mass of any substance, enclosed in a piston-fitted 
cylinder, be at temperature 7^ and be represented as to pressure 
and volume in its initial state by the position A on the diagram : 

(1) expansion without gain of heat till the temperature falls to 
brings it along the adiabatic to B\ 

(2) then communication of heat h 
at the constant temperature 7\ 
moves it along the isothermal to 
C: (3) a further expansion with- 
out gain of heat till its temperature 
becomes brings it hence along 
the adiabatic to D\ (4) com- 
pression now at the constant tem- 
perature until all the commu- 
nicated heat h is given up moves it along the isothermal to E : 
(5) a further compression without loss of heat till its tem- 
perature rises to T changes its state along the adiabatic to 
where its volume is smaller than at A ; for otherwise, as F is on 
the isothermal AF, the line EF would cut one of tfie lines 
already traced, and work -represented by the are^ so enclosed 
would have been done without on the whole any expenditure 
of heat: (6) communication of heat H at the constant tem- 
perature T brings it back along the isothermal to its original 
condition A, In this cycle, then, heat // at*temperature T is 
transformed into work, while also heat h is transferred from a 
body at the higher temperature 7^ to one at the lower T’j. 

This cycle is reversible, and the relation between ZT^and h 
depends only on the temperatures ; for were two engines per- 
formiiy «iic^. cycles in which T, 7\, are the same but 
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h different, coupled together with that one reversed wherein 
h is the greater, then on the whole, without any other change, 
heat equal to the excess of the larger value of h over the smaller 
would be transformed from the lower to the higher temperature 
— which contradicts the fundamental axiom. 

Heat naturally tends to equalize differences of temperature, 
that is, to pass from warmer t6 colder bodies; and Clausius' 
cycle shews that ‘ a passage in the contrary direction can only 
take place under circumstances where simultaneously another 
quantity of heat passes from a warmer to a colder body, or 
when some change occurs which has the peculiarity of not 
being reversible without causing on its part such a transfer 
from a warmer to a colder body^.* Two transformations, one 
of which must accompany the passage of heat from a body at 
one temperature to a body at another, may be considered as 
equivalent : thus from the above cycle reversed the transforma- 
tion of work into heat H at temperature T is equivalent to the 
transformation of heat h from the higher temperature to the 
lower and these are considered negative transformations; 
similarly the transformation into work of heat H at temperature 
T is equivalent to the transformation of heat h from the lower 
temperature to the higher 7\, these being transforma- 

tions. We have here reversed Professor Clausius' convention 
of signs (as he himself did later*) for agreement with that 
already assumed. 

Every transformation must therefore be measurable, or have 
* // 

an equivalence-value. If ~ is that of a transformation into work 

^ • 

of heat 1/ at temperature 7; X being a certain function of T, 
and (7’j, T’j,) that of a transformation of heat if from tem- 
perature 7\ to temperature T’j, consideration of the above cycle 

Another similar cycle, whe'rein are unchanged but H 

and T replaced by H' and 7^, will give 

» Pogg. Ann, cxx, (1863) 430. * Pogg, Ann. cxxv. (1865) 356. 
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Suppose T greater than and let the second cycle reversed 
be coupled to the first : then, as h is transformed both from 
to 75 , and from to the total result is work performed 
while heat Jff is taken in at T and heat given out at T', 
t,e, the transformation into work of heat at temperature 

r together with the transformation of heat //' from the tem- 
perature TX .0 the temperature r'; therefore 

On eliminating ff, H' by the above equations, we find 


Hence the second fundamental theorem, which is in this form 
fitly called the theorem of the equivalence of transformations^ may 
be thus enunciated : — If two transformations^ one of which must 
accompany a third transformation^ are called equivalent^ then a 
transformation into work of heat H at the temperature T has the 

equivalence-value and a transformation of heat 11 from tem^ 


perature to temperature has the equivalence-value — ^), 

wherein % is a function of the temperature entirely independent of 
the process by which the transformation is effected. 

Thus the equivalence-value of a transformation of the second 
kind is equal to the difference between those of two transforma- 
tions of the first kind, and we can therefore prove in the most 
general case that the algebraic sum of the equivalence-values of 
all the transformations occurring in a reversible cycle is zero. 
For the transformations may be all considered as composed of 
transformations of the first kind, that is, of heat into work, thus 


II H 

giving a series of equivalence-values c^ich of 

'^1 '^2 

these latter is equivalent to a transformation of the second kind 
between two given temperatures 7; so that 

hence the transformations are together equivalent to a trans- 
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formation of heat from the lower temperature 

to the higher T\ now if is positive, this gives a passage of 
heat from a lower to a higher temperature without any other 
compensating change — which is contrary to the fundamental 
axiom; and if ^ is negative, a reversal of the cycle will make 
it positive and reduce this to the foregoing impossible case: 
f) is therefore zero. 

Hence the mathematical expression of this law for reversible 
cycles is jj 


or morp generally 


2 .-^==o, 

CdH 

J-Y = °> 


where dif represents the heat taken in at temperature T, being 
reckoned negative if it is given out. 

By assuming that no heat is absorbed by permanent gases 
in internal work when changing state. Professor Clausius finds 
that X is proportional to the absolute temperature on the air- 
thermometer. This suggests taking X as absolute temperature 
without reference to any thermometric scale or any substance, 
and the above results then become those deduced somewhat 
earlier by Sir W. Thomson. 

47. Beversible cycles not closed. 
Let B, C represent the successive states 

of a body in an open cycle; as is a 

perfect differential {d^ say), its integral 
along the path AC 


lA 


Fig. 24. 




( 1 ) 


The physical meaning of is given in § 60. 

The value ofithis integral may be exhibited graphically. Let 
the isothermal through A meet the adiabatic through C in Z> ; 
then, the path ABC being reversible, the whole cycle ABCDA is 
reversible, and the integral over the whole cycle 
CdH _ [c dH p dff . fA dff 

J r ~Ja t '^Jc r "^Jd r “®’ 
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. r^dJl . dH , h 

but / — IS zero, as CD is an adiabatic, and / --- is 

Jc ^ J D ^ t' 


if h is the heat required to bring the body from ^ to Z> along 
AD which is the isothermal for /: therefore 

Ja 

But, b}^ § 33, ^ is the area ADEeaA, where £ is the intersection 
of the isenergic through A with the adiabatic through C; thus 
the value of the integral is the part of this area. 

48. Mathematical expression of Carnot’s principle. 
Consider an infinitesimally small cycle ABCDA formed of the 
adiabatics AB, CD and the isothermals BC, 

DA for the temperatures /, /— 6/. Draw 
the ordinates Bh, Ccy and produce DA to F. 

The heat given along the isothermal BC in 
the notation of § 15 is i xdc = tdv ; and 
the area ABCDA, which measures the work 
done, may be considered a parallelogram 
and therefore equal to BCEFB or BFxbc] 
but BF is the increase of pressure at con- 




^'iS- 25- 


stant volume due to the increase 8/ of temperature, or • 
hence by (i) 


8/ 


8/ 8z^ 


or 


Idv 

8 / 


• = jui8/ 


ft/. 


( 8 ) 


In this form it was first given by M. Clapeyron': with the 
convention of § 41 this becomes 

8 /“”/* 

49. Dr. Zeuner’s method. From the difficulty of giving a 
precise mathematical definition of temperature and from a desire 
to derive, if possible, all thermodynamics from the first law only, 
Dr. Zeuner* has proceeded by another method. Since the 
state of a body is completely defined in general by its density 

* Joum. d§ VEede Poly, xiv. (1834) 153. 

2 (^ndzuge der mechanisehm Wdrmethtorit (1877), 39 et seq. 
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and pressure, E may be expressed as a function" of p and 

and the general equation (2) of § 31 may therefore be written 

dH^ )pdp’\-^dv^ 

. lE . }iE 

where b = — and b = -r- + / ^ 

op ov ^ 

from these we have on partial differentiation and subtraction 

Tp-T,= '- 

This may be called the first fundamental equation, and it shews 
that dH is not a perfect differential. 

Let ~ therefore be an integrating factor; then — being a 

T T 

perfect differential, ^ ^ ^ ^ 

}^p '^v 

whence on differentiation and simplification by (9) we find 

This equation, which may be called the second fundamental 
equation, was first given by M. Clapeyron^ whose reasoning 
and method were of entirely different character. 

Using the value of b given by equation (10), we have 

pdp + i)dv = pdp + (T + !|3^)efz; 

^p 

= ^(pdr+rdv). 

^p 

Hence the general equation may be written 
dIIz=:)pdp+'odv, 

^ (ii) 

= -^{^dT-Tdp) 


according to the variables we wish to take. 

^ Journ. de FEcole Poly. xiv. (1834) ^ 53 * 
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If now we consider a cycle represented by two adiabatics 
and two lines defined by t = const., /= const, respectively, 
then, as r is so downed that for all closed reversible cycles 

= o, 

iJL 

we have ^ (12) 



W — H-a' = ( 13 ) 

where W is the work done when heat H is taken in along 
the line t = const., and heat //' given out along ^he line 
t' = const. 

Now if a mass m be lifted from a level A through a height h 
to a level ^ at a spot where its weight is the work done 
against gravitation is xq z=zwh\ 

and if the mass is raised only through a height K to the level C, 
the work done is x(f = wH \ 

whence I = F’ 


Again, if the mass is raised from level C to level the work 
done is 

fVz=z txj— n)'= (15) 


and this process is reversible; for, if the mass is allowed to 
sink slowly from the higher level to the lower and do work, the 
work it does is given by the same equation. 

As fff being heat, is work, there is a perfect likeness between 
equations (12), (13) and (14), (15): t is thus analogous to a 

height and ~ to a weight, whence Dr. Zeuner calls them a 

thermic height and thermic weight respectively; and the above 
cyclical process may be looked on as the transference of a 

thermic weight — from the level r to the level /. Equation 

T 

(15) however gives the minimum amount of work required to 
raise the mass m through the height h--h\ or the maximum 
amount of work that the mass can do in sinking through 
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this height — i.e. when the velocity on reaching the new 
levels is infinitely small; furthermore it is impossible for the 
mass to rise without the expenditure of wojk ; hence, if the 
above analogy holds, (i) the work done in the cycle when the 

thermic weight — is let down from the level t to the level / is 

T 

a maximum; (2) during this transfer under other conditions 
less work may be done ; (3) the transfer from the lower to the 
higher level cannot occur without tjie expenditure of work, 

It 

which is at least equal to ~ (t—O* Now we know by ex- 
perience that we can gain work when heat is allowed to pass 
from a body at a higher temperature to one at a lower in 
the steam-engine from the furnace to the condenser), that this 
work is the less the more radiation and conduction of heat 
occurs, and that heat cannot of itself pass from a body at a 
lower temperature to one at a higher: we are then justified In 
assuming r to be absolute temperature, which thus obtains a 
perfectly precise mathematical definition, as the reciprocal of an 
integrating factor of dH^ and we are brought back to Sir W. 
Thomson's absolute scale. 

60. Connection between the two laws of thermo- 
dynamics. Attempts have been made to deduce the second 
law from the first, by the aid of mechanical principles or me- 
chanical assumptions only, but in general these assumptions 
are no more obvious than the thermal axioms of § 38 : thus 
Professors Rankine, Boltzmann, aud Clausius have given 
demonstrations, the first on the hypotheses of molecular vor- 
tices ^ and circulating streams ^ the second on that of periodic 
motions®, and the third on that of quasi-periodic motions^. 

Hr. Szily has given the following demonstration ®. The /, W 
of § 31 are respectively the A^, P, JT of § 4 ; hence 

^ Tram, R, S. E, xx. (1851) 205. * PM, Mag, [4] x. (1855) 416. 

* See Mr. Burbury’s simplified proof in PM, Mag, [5] 1 . (,1876) 61, or in 
Mr. Watson's Kinetic Theory of Gases (1876), 46. 

* ^nn, cxlii. (1871) 433. 

» Mwgyetemi Lapokt i. (1876) 165, trans, Phil, Mag, [5] ii. (1876) 254. 
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bx—- 2 .fi(xbx+ yby+zbz), 

gi7= bS+bl^bfVz=^ bS^2.fi{xbx+ jfbj^+zbz). 

But, if T denotes time, we have also 

bS=z^.li{xbX'{‘ yby + zbz), 
d{xbx) = xdbx-\‘dxbx = xdbx+xdrbx, 
and siinilar equations in> and 0 : hence 

b I' 2Sdr = bf 7 ,,ii,{xdx-\‘ydy-\‘zdz) 

y* ^ M {xdbx’\-ydby-^zdbz’\‘bxdx'\‘bydy + bzdz) 
== y*S ./(A {d(xbx+yby+zbz)-~‘(xbx+yby + zdz)dr . 

+ (ir 6 jr +j?8j> + 0 8i) (/t} 

= fi{xbx+yby + zbz)^ + J b/fdr, ( 16 ) 

If the initial and final values of ^ .fi{xbx'\-yby+zby) are 
equal, and if bif, S represent the mean energy communicated 
to the system per unit of time and the mean kinetic energy 
during the interval r respectively, then 

Tbff = b.2TS, ( 17 ) 

Now we cannot assume that the thermal state of any body or 
system is ever absolutely the same at two successive instants ; 
for it is composed of numberless molecules which are in con- 
tinual vibratory or progressive motion, and only those molecules 
are in the same positions in successive instants whoseVelocity 
happens for the time to be zero. There will therefore be con- 
tinually varying rarefactions and condensations, and, as the 
chance of these rarefactions and condensations exactly com- 
pensating each other is infinitely small, it follows that the volume 
of the body must be subject to a continual ’^ariation which is 
periodic and of very small magnitude. When therefore we 
speak of the specific volume of a body we mean really the mean 
volume occupied by imit-mass during the period of this pulsation, 
as Hr. Szily calls it, and when the specific volume remains 
constant, the period of the pulsation must be constant too. 

Q 
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During these changes of volume work will also be done, which 
is zero in a complete pulsation; there are similarly variations of 
the kinetic energy i*, the potential energy /, the intrinsic -energy 
and it is the mean values of these functions during the 
pulsation that we take to characterize the thermal state of the 
body. Further these changes occur adiabatically, for 
dH^ dS+{dI+dfV) = 2. fj. {xdx+ ,..—xdx--...} < 

=z 2 ,ii{xx + ,.,^xx — ...} e/T = o. 

Hence if we take t the period of the pulsation, and write 
d instead of d, we have on integration through any closed cycle 


ii: 


dH dr = o, 


since r and S at the close resume their initial values. 
Or we may write (17) as 

— = aa. logr»S^, 

S 


(18) 


and therefore on integrating over a complete cycle we get 



This is the second law of thermodynamics, since S is propor- 
tional to the absolute temperature (see § 64). 

The values oi 2 ,fi{xbx + s 6a) have been taken equal 
at the beginning and end of the interval t ; for 

l^s.jui (;^6j;+>'6^+a6a)J =6.2r.S— t6^ 

" =0, 

since, when no energy is added to a system, the period of the 
pulsation is constant and the mean kinetic energy undergoes no 
change. 


If however what we say in § 38 is true, then no proof of the 
second law can be deduced directly from known dynamical 
principles : and any such deduction, wherein probability has not 
been taken into account, must be imperfect, however satisfactory 
it may appear. 
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51 . Non-reversible cycles. In the cycles hitherto con- 
sidered we have supposed equation (2) § 31 to hold, that is, the 
following conditions to be satisfied : (i) the body is never in 
presence of others whose temperature is not infinitely near its 
own, ^ii) the external pressure never differs more than in- 
finitesimally from the stress exerted by the body, (iii) the changes 
of density occur with exceeding slowness, (iv) no heat is spent 
in overcoming friction or transformed into magnetic or electric 
energy : in all such cases the cycles are reversible. 

In other cases we cannot perform the process in exactly the 
reversed order, and these are called non-reverstble cycles. In 
their case the equation 

fdH = w 

must hold, as it expresses the Conservation of Energy : but we 
have always 

(19) 


for we have shewn in § 46 that the transformations of any cycle 
may be reduced to the transformation of heat from the lower 
temperature 7 ^ to the higher 7 ; and that cannot therefore be 
positive, but we cannot in this case reverse the cycle and shew 
that cannot be negative. Thus for non-reversible cycles h) is 
negative, or the sum of the transformations is a negative trans- 
formation : whence, calling a transformation uncompensated which 
occurs without any accompanying change, we may say*: — un- 
compensated transformations can only be negative, that is, of work 
into heat and of heat from higher to lower temperatures, 

M. Verdet^ has shewn in detail that neglect of any of the 

above conditions entails a negative value for the integral 



the student should have no difficulty in shewing this for himself. 

In the case of a non-reversible process that does not form 
a closed cycle, as ABC in Fig. 25, we may, following M. Clau- 
sius ^ complete the cycle as therein done by the adiabatic 


^ Tkiwti nUcaniqui de la Chaleur (1868), i. 188. 

* (1^5^) 45 Mag, [4] xii. (1856) 248. 
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through C and the isothermal through A : then the integral over 
the whole cycle ABCDA 

dH 




< o; 


■* •/A * JC ^ 

fA 

but / — is by § 47 equal to (f>A—^c> whence 

Jc ^ 

rcdlf 


L 


A T 


(20) 



CHAPTER V. 


Fundamental Equations. 


62 . Applioation of the First Law. Recalling the equa- 
tions of §§ IS, 31, we have 

dE-^pdo =idH= kdi+ldv, 

or dE = kdi-\-{J — t>)do.. (i) 

But dE is an exact differential : hence 




a/’ 


<)/ izf i/ 


(2) 


This equation was first given by Professor Clausius ^ but 
by a somewhat tedious method ; the above is Sir W. Thomson's 
very precise demonstration ^ But for this relation we should 
have had no reason for thinking that / and ^ are not entirely 
independent of each other. 

By similar methods we may get the corresponding equations 


SA" dz Sz/ 

Jp~ Yi,~W 

<)U _ 

the last being already given in § 49. 

53 . Application of the Second Law. 


(3) 

(4) 


This is expressed 


by taking an exact differential : hence the function 


' Ann. Ixxix. (1850) 384, tran$. Phil. Mag, [4] ii. (1851) 11. 

* Trans. R. S. E, xx. (1851) 270, or Phil, Mag. [4] iv. (1852) 19. 
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is an exact differential, so that 

A i-A I 

Iv't ~ W’/’ 

which becomes on simplification 

'bt bv~ / ’ 

whence by (a) 

bv~l' 


( 6 ) 


( 6 ) 


This is the result found directly in § 48 from Carnot*s prin- 
ciple. We also obtain from (5) and (6) 


/A 


( 7 ) 


By using the other expressions for dH \n ^ similar manner 


we find 


and 


'bv 


bL L 

(8) 

Tt 

— 

<ip 

"bi~ 7 ’ 


}iJC 

,b’‘v 

( 9 ) 





b\)_ 

1 . c)/ c)/. 

(lO) 

bp 




64 . Values of the SpecifLo Heats. If it, St represent 
functions of /, the probable values of which will be found in 
§ 65, equations (7) and (9) give respectively 


i=ii+// 

"t?p. 

(I.) 



(12) 

the integrals being indefinite — 

■which is obvious. 

since the 


specific heat of a body can depend only on its actual state. If 
the integrals are taken definitely, then k, it are not functions 
of / only but are the values of JC at the lower limit. As / is to 
be taken constant in evaluating these integrals, it is convenient 
to introduce two quantities vf to represent respectively the 
indefinite integrals fpdv, fvdp wherein i is constant, these 
quantities being obviously connected by the relation 
pv = 35e;+w'+ const. 
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The above equations then become, with the notation of § 15/ 


From (6) § 16 and (6) we have 


(13) 

(14) 


(— )* 


<»)• 

= -'ir “ 

'6p 

These equations may also be got from (8) § 16 and (8), or 
from (9) § 16 and (10). Hence we may remark that K is 

always greater than k\ for ^ is always negative and the sign 
of ^ is without influence. 

0/ 


The characteristic equations corresponding to the bodies for which this 
difference ^ is always a constant quantity R are easily found from the 
partial differential equation : it gives two complete primitives, 

{p--a){v^h) ^ Rt, 

wherein a and h are arbitrary constants. A particular case of the former is 
the equation to a perfect gas. 

When this difference is a function of t we find one complete jwimitivc 
only, p—h = 

where 5D is a function of / related to the given function, a and b being 
arbitrary constants. 


55. Difference of the Ela43ticities. From § 17 we have 

Tip Tfp 


: — V 


Iv 






hence 




K-k Tip vt .Tip.2 


(16) 


I I _ .Sp.j 

T,~T„~ jfv ' 


(»7) 


and similarly 
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66. Genei^ Equation. This may now by (13) be written 

= (18) 

= (19) 

And by (14) we have similarly, when t and p are the variables, 
dH=mdt-id.(^\‘ (20) 

67. Determination of the Intrinsic Energy. By (i8) 
we have* 

-/) (& 

= lKf/+rf-(/^ — m), (21) 

the complete integral of which is 

E-E^ =zj\dt+{i~-w)~{i^~^—w^), (22) 

the suffixes denoting the values corresponding to the initial 
condition. 

If the intrinsic energy is required in terms of p and t — the 
use of which variables is limited, as we have already noticed — 
equation (20) gives 

■N-- / 

dE = IBtflf/— (/. 

whence^ 

E-E, = St di- {pv - zt/} 

+ (.3) 

We can determine the intrinsic energy directly from the 
equation > ^ 

dE kd^-h(^^’~‘p)dv, (24) 

the integral of which is 

£-£, = f\^dt + f\M-p)dv ; (25) 
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since (v. ProfessoE Price’s /n/. Ca/c. § 372) if 

du ^f{x,y)dx + il>{x,y)dy 
be an exact differential, its integral is 


»-«. = //(».>) d»+ r ^ (*,, y) tfy 

Jyo 

= f^<t> (pe, y) dy + dx. 

Jso J-Tq 

Simifarly, with p and / as the variables, the equation 


gives the integral 


(a6) 


These equations were first given in a slightly different form 
by Sir W. Thomson’, who thus shews that the variation of E 
may be determined without experiment if we know the equation 
connecting /, t and the thermal capacity for any particular 
constant density or pressure and all temperatures. 

We have also 


'hv 


-A 


'hE 


which gives on integration 

where F represents a function of v, the integral being inde- 
finite ; if we take the integral definite, the equation becomes 




7iE 

/2 


dt. 


Hence for tile intrinsic eneigy to be a function of the temperature only 
we must have p ^ . 

in this case the internal work must be independent of both density and 
pressure. These are therefore properties that belong tovL perfect gas. 


68. Professor Bankine’s method. The equations we 
have obtained so far are derived entirely from the two laws of 
thermodynamics, and are perfectly independent of all hypotheses 
as to the molecular constitution and physical properties of 


’ Trant, R, & E, xx. (1851) 479, or Phil. Mag. [4] ix, (1855) 527. 
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bodies; they contain such quantities only as are capable of 
direct measurement. For farther development of the theory 
(indicated in §§ 26-29) certain hypotheses have been intro- 
duced; and though these take us out of the domain of pure 
thermodynamics into that of molecular dynamics, yet we shall 
briefly discuss the results so obtained', mindful however of their 
hypothetical nature. * , 

Professor Rankine^ assumes the whole of the first term 
of the right-hand expressions of equations (18) and (19) to 
represent the increment of the sensible heat in the body : this 
assumption's really double — (i) that the sensible heat in a 
body is independent of its density or the arrangement of its 
molecules ; (2) that the expression for the internal work during 
any change contains no term depending on the temperature 
only. On these suppositions equation (18) may thus be ana- 
lysed : — 

(a) the variation \dt or ds of the sensible heat of unit- 
mass; 

{ 0 ) the work / dt done against molecular action in the 

small increase dt of temperature ; 

(y) the work ^ done against molecular action and also 

against external resistance in the small increase dv of volume, 
so that the work done on this account against molecular action 

only ic 

The total internal work done is therefore 

^ ^ 

Whence its absolute value for any state of a body is 

(a8) 

as we might have inferred from (22), 3 being the constant of 

§ 29 

^ A Manual of the Steam Engine, See., 4th ed, (1869), 31a. 



Fundamental Equations. 91 

Professor Rankine defines also another function ^ such that 

*1. r u (29) 

we therefore have 

and, on integration, 

where is the value of the function in the initial state cor- 
responding to ^0, /q. (j) is called the thermodynamic function 

for the kind of work under consideration, and the quantity 

is called the heat-potential or metamorphic function of the 

substance for the work in question. 

The further assumption that k is a constant quantity for 
each substance whatever its state (see § 65) leads to the 
equation 

= klog,/ + ^-(klog,/,+ (31) 

50. Professor Clausius’ method. The assumption in 
this method is that ‘ the mechanical work which can be done 
by heat during any change of the arrangement of a body is 
proportional to the absolute temperature at which this change 
occurs The justification of this assumption is referred to 
‘ internal probability,' which is however scarcely obvious : we 
must rather judge of it by its results, and it seems to be true 
with perfect gases and for thermo-electricity A new nnag- 
nitude disgregation is introduced to express the degree in which 
the molecules of a body are separated from each other. Now 
the action of heat is to alter the disgregation, and it is by this 
action that work is done whether internal or external : hence, 
according to the assumed law, if in any revefsible change a 
total amount of work dl+dlV is done, the disgregation Z must 
so be measured that 

tdZ^dl^dW, J[32) 

^ Ann, cxvi. (1862) 8a, trans. PAi 7 . Mag, [4] xxiv. (i86a) 88. 

* Fogg, Ann, xc. (1853) 513. 
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and the general equation becomes, as in (g), §31, 

dE=dS+/dZ. (33) 

Now dz depends only on the arrangement of the molecules in 

given states, and is therefore an exact differential ; ^ is also 

dS 

an exact diiferential, a|^d therefore must be so too, or S is 

a function of / only. This is what we have termed the first 
part of Professor Rankine’s assumption. 

If now we make the second part of Professor Rankine's 
assumptioi^ we get 




h: 


( 34 ) 


Professor Clausius does not however admit this generally, 
and therefore 

+ ( 35 ) 

Z^ being the disgregation in the initial state, and % a function 
of/. 

Hence Hr. Clausius arrives at an extension of his theorem 
of the equivalence of transformations. As an increase of dis- 
gregation is the conversion of beat into work, it is a positive 
transformation, and its equivalence-value is dZ, since this is by 
dl’\‘dw^ 

definition ^ — : now dH is the heat received by the body, 

or we may say ^dH is the heat given up by the body to 
exterfial objects, and dS is the heat that goes to increase the 
temperature ; hence ds-^dff represents the heat converted into 

work, and its equivalence-value is \ also equation (28) 

gives for any reversible process, which is not necessarily a 
cycle, the relatfon 


CdS^dH 


therefore the algehraic sum of all the transformations in any 
reversible process is zero. 

Omitting the condition of reversibility, and remarking that 
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no positive transformation can ever occur, as before shewn, 
without an accompanying negative one whose equivalence^ 
value is at least as great, while a negative transformation can 
occur with a smaller positive one or even entirely uncom- 
pensated, we see that the change of disgregation can never 
be greater than that whiph corresponds to the work done, 
though* it may be less, or 




dl^dW 

t • 


hence the general equation gives 




or the theorem takes its most general form : — the algebraic sum 
of all the transformations occurring during any change of con^ 
dition whatever can only be negative, or, in the limiting case of 
reversibility, zero, 

/ ds 

— is called by Hr. Clausius the transforma- 


tion-value of the heat actually present in a body when calculated 

fdH 

from a given initial condition: the important integral / 


which we have before represented by fdf^ under the name 
of thermodynamic function, is called the transformational- 
content of the body, or its entropy^. We shall adopt this last 
name, the term thermodynamic function not being sufficiently 
characteristic. 

Hr. Clausius suggest** also the following nomenclature: 
W the external ergon ; I the internal ergon or ergonal-content of 
the body; S the thermal-content of the body; thus the intrinsic 
energy E is the sum of the thermal and ergonal contents. 
Latent heats of expansion, fusion, evaporation, &c. are all 
varieties of ergonized heat, and are generally both internal and 
external 


‘ Ann, cxxv. (1865) 390. . ^ , 

» Abhandlungen fiber die mechamsche WOrmetheom. Appendix to 6th 
Memoir. 
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00. Entropy. The entropy of a body is its property, ex- 
pressed as a mesfsurable quantity, which remains constant 
when heat is neither gained nor lost by the body, and which in- 
creases or diminishes according as heat enters or leaves it : for 



The isentropics and adiabatics of a body are therefore coin- 
cident, as stated in § 32, and their equations are (j) = const. 

Just as we cannot determine the absolute value of the in- 
trinsic energy of a body, since we cannot entirely deprive it 
of heat^ so we cannot find the absolute value of its entropy : 
it is convenient therefore to reckon entropy from a definite 
state within the range of experiment. If then this state cor- 
responds to and it is the limit from which w is. 

measured, then equation (31) gives the entropy 

♦ (3,) 

As thus defined it is a relative quantity and may be negative : 
the absolute entropy of a body however is always positive. 

The best method of determining the entropy of a body — ^by 
which is meant the entropy of unit-mass — is by performing two 
operations: (i) altering its state without addition or removal of 
heat till the temperature becomes the entropy remaining 
unchanged during this process; (2) bringing its pressure to 
the temperature being kept constantly : if ^ is the heat emitted 
during the latter process, absorption being reckoned negative, 

the entropy is lowered during this process by ~ , and this quan- 

• '0 

tity is the relative entropy of the body in its original condition. 
The entropy of mass m is therefore m-] or, if in the abbve 
operation heat i/ is emitted by a mass m of the body, the 


entropy of unit-mass is — • 
mt^ 

If a body loses heat If at the constant temperature T its 

J£ 

entropy is lessened by and if another body at constant 
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temperature / gains this heat, its entropy is increased by 
H * 

y ; hence when heat H is transferred from a body at constant 

temperature T to another at constant temperature /, there is an 
increase in the entropy of the system equal to 
H H _ 
t T Tt 

Now the natural tendency of heat is to pass from hotter to 
colder bodies: hence Professor Clausius’ theorem that the 
entropy of a system tends to a maximum'^. 

61 . Qeneral determinatioii of intrinsic energy and 
entropy. Hr. Kirchhoff^ wishing to obtain more general 
expressions, took as variables the absolute temperature / and 
an undefined magnitude x which may be the density, or pres- 
sure, or refractive index, &c. ; Hr. Clausius®, by taking any two 
magnitudes x and y as variables, has introduced the utmost 
generality, and this method we will exhibit. 

In the most general case we have 

td^ = dH^dE^dW\ 

hence, employing no brackets as there is no ambiguity, 

and therefore, as dE is an exact differential, 

by^bx bx'^^bx^by by'’ 

by bx bx by by bx bx by 

if we write (S^xy for this function of fV which we call the ergonal 
difference corresponding to xy. As further — is an exact dif- 
ferential, we have 

by^t bx' bx by'’ 

» Ptfgg. Aim. cxrv, (1865) 400. * Pogg. Aim. T j 

* Ann, cxxv. (1865) 359, and Schlomilch's Zeitschr{ft fur Math, itnd 

Phy$. d. (1866) 31, bans, Pha. Mag. [4] nudL (1866) 1. 
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or 


2 . ^ 
ij/ ix 

whence, by (39), 


1 

lff_ 

lx 

ly'^ 

Iff 

Iff 

lx* 

ly 

It 

It 

lx* 

ly 


^ix iy iy Yi?* 


= /«. 


■jcy. 


On writing in (40) for ^ 


we get 


also, rince 


d/ 


a/ 


= ffi. 




ix~ i iix"^ ^ ^ * 


Sij/ ^ / Sy ’ 


/ 

and d<l> is an'exact differential, we have 


whence 


( X wx:r I \ V t A VXSt X V rr . 

— i^i— 

”” '^v ^ lx lx i ly'^ 


ly '/ lx 
Ix^ ly 

if 

ly 


(40) 


(41) 


(42) 


(43) 


^Xft 

if we write (Sfxy for this function of the relation between 
^xy and &xy being obviously 

^ xy ~ ^^xy ■*“ 


ow vau 


( 44 ) 


lx 

if. if. 

lx* 

If we had taken f /17 as variables instead of x,yf we should 
have^found similar expressions, and since 

llF Iwlx iWly IW IWlx IWly 
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we easily find 

Hence, replacing only one of the variables y by % we have 

^ If “ If = ®' ^'^5) 

®j^’l — ^ ^ ffi'xjl* (46) 

The equations (41) and (43) are the most general for the 
entropy and intrinsic energy: they reduce to Hr. Kirchhoff s 

if / be put for_y ; for then ^ = i, ^ = o, and 

^ If 

whence 

<t> = %+/extdx, E =.€■>(■/€ Xtdx, (48) 

E, E' being functions lof /; or we have 

d<l} := J dEz=z(^— —^dt’\‘^xtdx. 


ox ox 

* c)7J 
<) V 'by 

bf' bH 


(4S) 


i: 


< 3 ^^ + / 


whence, by (26), 

In the particular case wjiere div=r pdv, we have 




"bV 

bv 

II 

bv 

bv 

bx' 

by 



bp 



blT 

bir 

bx' 

by 





(49) 


(50) 


if w is written fof j: and the latter equation of (49) then gives 


(25) or (27) according as z; or / is put for x, 

62. Belations between partial differential ooeffioients. 
From the foregoing we may suppose ^ and E known as well as 

H 
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p, V, /; hence we may take any two of these five quantities as 
variables and express the other three in terms of them: we can 
then find the partial ^iferential coefficient of any one with 
regard to any other while a third remains constant. We have 
subjoined a table of the values of all such coefficients in terms 
of the specific heats and the^ simpler differential coefficients : 
the relations between them may then be deduced by in- 
spection. 


A single example will shew how the table has been constmeted : thus, 
to find (-r— ^ 1 we have 

A S 

dE - td<p-pdv = 


dip SB ydv + “ ^ 


t hv 


but, since 

1 n K ht /ovx 

we have r= - s — ~ or (^ ) * t 

/ t dv XT d/ 

We thus find by inspection 

/^\ — 


3/ 


— I — 

■bp 

bp 


bv 


bt' 

b(l> 

b<l> 

b<l} 


bv 

bv 

Tp' 

bv 

pv 

bt’ 



&c., which relations might indeed be found by geometry: the 
last of them by (41) and (50) may be expressed as 

— I « 

63. Application to perfect gases. The characteristic 
equation being py = 

we have 

7sp R . bv R b^v 

^ bt V bt^ bi p 

hence by (ii) and (12) 

^ = A-=», (si) 


= o: 
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V 

or the specific heats are independent of the pressure or density.. 
By (15) we have 

or the difference between the specific heats is a constant 
quantUy. 

In this case 




d/ 




and therefore 




= zc;; 


hence by (22) the intrinsic energy is given by 

E^E^-f\dt, (S3) 

or it is a function of the temperature only and entirely in- 
dependent of the pressure and density. 

On Professor Rankine's hypothesis, equation (28) shews that 
there is no heat spent in internal work, this being a constant 
quantity for all states of the gas, 

7=3. (54) 

Hr. Clausius' equation (35) gives us instead 


whence 


Z-Z.=: r^di+Xlog^-y 

Jin ", 

idZ = Zidt+Rtd. log,® = %tdt-\rpdv, 


( 66 ) 


and therefore ft 

/-/.= / (S") 

Jto 

which vanishes only if ® is zero, being in any case independent 
of the pressure and density. Thus no internal work is done m 
altering the volume of a perfect gas when its temperature re- 
mains constant ; but this implies that its molecules are too far 
apart to act on each other, and therefore there cannot be any 
internal work at all however its state alters: hence for a per- 
feet gas C must be zero. It must be zero therefore for all 
bodies that can be brought into the perfectly gaseous st*e, as 
it is a function of the temperature only and not of the density : 
to be as general as possible, however, Professor Rankine 
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writes equation (31) — neglecting the constant — as 

<^ = fclog,/+t+ (67) 

where t is ‘ a function of the temperature alone which is o for 
all temperatures at which the substance is capable of approxi- 
mating indefinitely to the perfectly gaseous state, and^is in- 
troduced into the formula solely to provide for the possible 
existence of substances which at some temperatures are in- 
capable of approximating to the perfectly gaseous state 

M. R^gnault has shewn that K is constant for all rarefiec 
permanent gases at all pressures and temperatures on the air- 
thermometer scale; this scale being very approximately the 
same as our absolute one, we may assume that for a perfect 
gas and therefore also k by (52), is constant. On this 
supposition (53) gives 

(58) 

where 3 is the constant of § 29 representing the molecular 
potential energy in the case of indefinite rarefaction, which is 
the whole intrinsic energy when the temperature is infinitely 
small. 

Since A" and k are constant, their ratio k is so too, and there- 
fore also by § 17 the ratio of the elasticity 6//, which we may 
call the elasticity at constant entropy to the elasticity at 
constant temperature ; and we have 

^ =/f (59) 

We may now find the equations^to the thermal lines of a 
perfect gas. For the isothermals we have at once from the 
characteristic equation 

pv==Et= c nst., (60) 

and thus the isothermals are equilateral hyperbolae. 

Again, on the above assumption the isenergics are given by 

po^iRt— 3 ) = const, (61) 


* PAi7 . TVoim. dx. (1870) a8x. 
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and are therefore coincident with the isothermals. In this case 
therefore the points Z>, E of Fig. 25, § 47, coincide, as do the 
whole lines AD, AE. 

The isentropics or adiabatics are also easily found ; for 

t V V * 

and tljerefore 

d<i, = ^dt+-^dv= 

which on integration gives 

/z;*-* = const. 


• , i)V t 

Multiplying this first by ^ and secondly by (— ) , both 

which quantities are constant, wc get 


= const., = const., 

the former giving the adiabatics. These equations may be 
written 

t, p, 'v' I, 'a' ' 

the suffixes denoting initial values. These relations were found 
also by MM. Laplace^ and Poisson^ on the caloric theory 
of heat, as they too admitted that k is constant. 

We might have found the isenergics from the property of 
isentropics given in § 33; for 

r . r A^o 

and may be taken as the current coordinates correspond- 
ing to E^, 

The work done by a perfect gas during any change at 
constant temperature is 


Pv dv V V 

I pdv = ^/ / — = Hilog,— =pv\bg,— 


= A»olog.^ = A»«log.^. 


(63) 


^ Micanique cileste, xii. 127. 

* Ann. de eh. el de ph. [a] xxiii. (1823) 15, or Trmti de Meeanique, a'*' ^d. 
(1833), ii. 647. 
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and the work done along any isenergic is given by the same 
expressions. 

The work done along an isentropic or adiabatic is by (7), § 32, 


(64) 


E,-E = kX/.-/) = ^ (l - 7^) 

If the curve were the more general one then 
^e work done is 

2j«* 


(65) 


In this case the change of intrinsic energy being /^), we 
have to add heat equal to 

{k + R) U-Q = (/-/.) ; 

the quantity - - - is called the specific heat of the gas 

relative to the change of state in question. For w = « these 
formulae are indeterminate and we must proceed ab initio as 
above for the isothermals. 

A numerical example or two will clear up all difficulties. We will 
suppose air to be a perfect gas— a very approximately true assumption if we 

take or - 272.8° c. instead of -273.7° c. as absolute zero tem- 

perature. Further, the mass of i c.c. of air at 0° c. and under a barometric 
pressure of 76 c. in lat. 45°, that is, under a pressure of 1013226 dynes per 
square centimetre (see § 5), is 0001 292 79 g., or the specific volume of this 
air is - 


0-00129279 ^^3*521 C.C. : hence, measuring pressures in megadynes, 

we have ^ ^ /.v, ^ 1.013226x773.521 
“ 272.8 


- 2.8725. 

The specific heat C is 0-2389 (Hr. Wiedemann’s^ value) or 
K « 0.2389 X 41.55 « 9.9263, 

h « K^K s 7.0538, « » ^.4072. 

* -PW. clvii. (1876) 21. 


and 
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Consider unit-mass of this air enclosed in a cylinder at 44° c. and under 
ij atmospheres of pressure (i.^. megadynes per sq. c.) so that 
« » ^-^7^5 X 316.8 


1-5 


■ — 606-672 c,c. ; 


let its pressure fall to 1 atmosphere — 

(i) While it neither gains nor loses heat : here 




n 1.407a 


JL.- « -.1 

#«'»« 33 


II = ^ X 606-672 = 808-896 C.C. 


= -X 316-8 = 281-6 = 8-8° c.' 


W - = 7-0638 X (- X 316.8) - 248-698 megalei^s, 

and W measures the loss of intrinsic energy. 

(2) While it is kept at constant temperature : here 


V 

Vo 


h 

P 


V s= - X 606-672 910-008 C.C. 


W^Rt log^~ « 2-8725 X 316-8 X (2.3026 X log 1-5) = 368-976 megalergs, 
and W measures the amount of heat that must be supplied. 

(3) While it is kept at constant volume : here 


^ 211.2° or -61-6° c. 


L L - ^ 

fo pa 3 * 

JB-Eo = ^ (/-/o) - 7*0538 X 105.6 = - 745.795 megalergs, 

and this loss of intrinsic energy measures the heat that must be removed. 

(4) Let it expand under constant pressure to the same volume as in (1), 

i.e. to -VqI here 
3 

, ... / = ^x 316.8 = 422-4° or I49.6 °c. 

Vo 3 3 

W=^po (v-vo) = 1-5 x (i X 606 672) = 30.1-336 megalergs. 

•3 

(/-/o) « 7.0538 X (i X 316.8) « 745*795 megalergs. 

and the heat that must be supplied is 

E-E«+ W = 1049.131 megalergs.^ 


64. Sensible heat. We have presented in § 18 the argu- 
ments in favour of supposing sensible heat to be molecular 
kinetic energy, and. therefore in all probability independent of 
the density, and we have seen in § 59 Clausius' hy- 

. pothesis leads to the same result — viz. that it is a function of 
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the temperature only. The question now arises whether all the 
heat contained in a body is at the temperature of the body, and 
Hr. Clausius concludes' that ‘we must not ascribe one and 
the same temperature to the whole quantity of heat ; ,we must 
rather conceive t!his whole quantity to be divided into an infinite 
number of elements, and to each element we must consider that 
temperature to correspond which the body on cooling twould 
have at the moment when it parted with this element, or that 
which on being heated it would have at the moment when 
it received this element of heat.' For the transformation-value 


of the heat put into unit-mass to raise its temperature from that 

/ ds 

— , so that each increment of heat 

spent in raising the temperature is a function of the temperature 
at which it is taken. And unless we accept this conclusion 


Hr. Clausius' fundamental axiom is contradicted in the fol- 


lowing process which was suggested® by M. Him. 

M. Him considered a theoretical machine consisting of two 
v.ylinders A and B equal in section and communicating with 
each other by the tube O which opens into 
their bases; they are provided with pistons 
which move without any friction, and the 
piston rods are indented and' work into the 
teeth of the same wheel, so that one piston 
will always move up as much as the other 
moves down, the volume between them being 
therefore constant. The cylinders contain per- 
® feet gas, and, the, pressure being therefore 
the same throughout, the pistons are in equi- 
librium in any position : hence no work will 
Fig. 26. be done in any small motion of the pistons 
‘ ‘l^nd therefore in any motion so long as it is 
slow enough. The whole apparatus is supposed impermeable 
by heat except the tube of communication which is kept 
at the constant temperature Consider now /<,, t^ to 



' Pogg. Ann, cxx. (1863) 449. ^ 

* Thiorie ndeanique de la Chaleur, 3^“« ed. (1875), i. 255. 
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characterise unit-mass of the gas initially when it is all collected 
in the cylinder A (the piston of B being in its lowest position), 
and suppose the total mass is M and the constant volume 
between the pistons V. The piston of A is then depressed 
and each successive portion of gas is heated to <5 as it passes 
through the tube 0 \ it therefore expands or tends to expand, 
and thus increases the pressure, causing in consequence an 
increase in temperature in every other part of the vessel. When 
all the gas is transferred to we shall, by reason of the ex- 
tremely low conductibility of gases, have a series of layers at 
different temperatures, that of the lowest layer being ^,and that 
of the highest much above d, and it thus appears that without 
the expenditure of work we have caused heat to pass from the 
tube O to gas at a higher temperature — ^which is contrary to our 
axiom. 


We will calculate the mean temperature T in B. If t is the temperature 
at any moment of a layer of gas dm either in A or B, the pressure throughout 
the vessel being p and the specific volume of this particular layer v, then 

fvdm^V, ftdm^MTi 
and, since the relation pv ^ Rt always subsists, 


p J*vdm — f pvdm ^R J* tdm. 


or 

but we have further 

RM 


and therefore 


pV^RMT: 

. HM 

h *0 

± I 

A “ ' 


Now the temperature of the g^i^ in A has become t by the alteration of the 
pressure without the communication of heat ; hence by (62) 


#C— I 



IC — T 



K 


I K — I 



Again, as the mass dm of gas passes through the tube, its temperature 
is raised from t to 5’, and it slightly expands since it modifies the total 
pressure only infinitely little : hence it takes in heat at constant pressure 
and not at constant volume, and the heat thus taken in is, by § 15, 



i 

* )dm\ 
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this causes a variation 7 * in the mean temperature of the whole mass at 
constant volume, whence 

I K— I 


“ )dm, 


integration of which from o to Af (f.«. 
all the gas into B) gives 



dT 

I K— 

-/o*r * 


corresponding to the passage 




of 


and the solution of this equation will give T, the final mean temperature. 

I 

If we put /o“r * — so that = A, the equation becomes 



(e-i)eo* 


Taking rarefied air to represent perfect gas we may assume ic *= i*4072, 
or *s 2*456: then, if = 0‘5 so that the value of the constant is 

0*0742, an approximate calculation gives x « 0*6306, whence if be o®c. 
or 272*8 ®(see § 63) and therefore ^ « 545*6° or 2 72*8° c., we find T* 607*6° 
or 334*8° c, which is 62 degrees above the temperature of the tube. 


If the heat in the gas were all at the temperature T, then the 
axiom could no longer hold; as without any expenditure of 
work a body would have been raised to a higher temperature 
than that of the source of heat: Hr. Clausius however points 
out that for any part of the gas in B to be raised above d heat 
must be given to some part of the gas in .<4 at a temperature 
lower than and this is the compensation that renders the 
phenomenon possible. We shall shew in § 66 that no work is 
gained by the process. 

dS 

66. Beal specific heat. The coefficient or k is termed 

indifferently the real specific heaty the capacity for heat, or the 
absolute thermal capacity of a body, these names being intended 
to signify that it is independent of the density, ue, of the mole- 
cular arrangement of the body. Now in one series of arrange- 
ment? — those of the perfectly gaseous state — ^it is independent 
of the temperature also, and it is therefore probably constant 
in all arrangements. Professor Rankine considers it to be 
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constant only throughout each of the different states of aggre- 
gation, solid, liquid, or gaseous, in which a body may exist, and 
to differ in the different states^; Hr. Clausius however points 
out* that molecular alterations are going on just as much, 
though in a less degree, in any one state as in the passage from 
one state to another, and that therefore it is rather arbitrary 
to assume for the smaller changes what is denied for the larger. 

Hence we assume k to be constant for each substance, and, 
to determine it therefore, we ought to determine the specific 
heat at constant volume of the substance when in the state of a 
perfect gas, i.e. of highly superheated vapour. This ojperation 
is however doubly difficult : for the conversion into perfect gas 
of most substances requires temperatures not readily at our 
command, and the specific heat at constant volume of even an 
ordinary gas has as yet been only approximately determined 
(see § 74). MM. Dulong and Petit's law however, that the 
specific heat of unit-mass of all bodies is inversely proportional to the 
atomic weighty or that the atomic heat of all bodies is the samcy 
comes to our aid: this law cannot indeed be true for the 
specific heats at constant pressure, as its discoverers imagined, 
by reason of the varying external and internal work; but Avo- 
gadro's law, that in equal volumes of all substances in the 
perfect state at the same pressure and temperature there is the 
same number of atoms, coupled with MM. Delaroche and 
B^rard's experimental conclusion that equal volumes of sub- 
stances in the perfect stale require equal amounts of heat for 
an equal rise in temperature, gives 

na\ = const or a\ = const., 
where n is the number of atoms in a given volume and a the 
atomic weight: thus the specific heat in the above law is the real 
specific heat, as has been proved otherwise b;^ M. Moutier*. 
To determine this constant we will take the case of the most 
perfect gas, hydrogen: now since the mass of i c.c. at o c. 
under a pressure of 7^^. of mercury at Paris {i.e, of 1013573 


A Manual of the Steam-^giney 4* 

* Porr. Am, cxvi. (1862) 99, trans. Phil, Mag, [4] xxiv. (1862) 205. 

' Bull, de la Soc, Philomat, [7] i. (1877) 3- 
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dynes per sq. c.) is 0-000089578 g., the volume of i g. is 
^ C.C., and, the coeflScient of expansion under con- 

0*00000957° 

stant pressure being 0-003661, the expansion per degree is 
0-003661 


o<oooo 89578 


c.c. and the external work done 


0 003661 X i-oi3'573 
0-000089578 


41-329 megalergs: 


biit the specific heat at constant pressure is 

3.409 X41SS = 141-644, 

so that the specific heat at constant volume is 
141-644—41-329 = 100-315. 

Taking then as usual the atomic weight of hydrogen as unity, 
we have for all substances 

ak = 100 

in round numbers. 


Thus for iron, a « 55-9 whence k « 1.7889 ; but 
K = 01 1379 X 41*55 “ 4-728o» 
and therefore the heat spent in internal and external work is 
4.7280—1-7889 as 2-9391 megalergs: 

now the density of iron is about 7.75 and its coefficient of expansion about 

— ^ — , so that the external work done by a rise in temperature of i degree 
18000 


is about -- — X 

7.75 18000 


X 1 .013573 *=0.000007 megalergs, which is insensible .* 


thus the internal work requires 2*9391 megalergs of heat or 1*643 
that required for the mere change of temperature. 

For lead a » 206.4 and k » 0*4845 ; also 

K = 0.03140 X 41-55 « 1-3047# 

and the external work done is equally negligible ; hence the internal work 
is 0.820s megalergs and requires 1*693 times the amount of heat spent in 
merely raising the temperature. 


Similarly Hr. Woestyn’s law ^ves in the case of compounds 

, S . nak S . n 

k = — = 100 j 

S ,na S ,na 

t 

where n is the number of atoms in the compound of that 
element whose atomic weight is a. 
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Thus for carbon dioxide COi, 

h » loox ( A = 6*8353; 

'1x11-97 + 2x15.96' 

and, since -S’ » 0-2169 X 41.55 = 9.0122, the internal and external work is 
2-1769 megalergs ; but, the normal density at Paris of COj being 
0-001977414 coefficient of expansion under constant pressure being 

0-00-1710, the external work done is ^ ^ ^ ^ * 1.0017, so that 

• 0001977414 ^ 

the internal work is only 0-2752 megalergs, and requires -i-th of the heat 
that merely increases the temperature. 

For water H^O we have similarly 

it = 100 X ( A = 16.704, 

'2X i + ix 15.96' ' 

and therefore, as the external work is negligible, the heat spent in internal 
work when a gram of water at is raised one degree is by § 10 
41.55 (1+0.00022 d) — 16.704 = 24-846 + 0-00914 d megalergs. 



CHAPTER VI. 


Degradation of Energy. 


66. Available energy. We cannot convert into work the 
whole df an amount dH of heat at temperature /, as shewn 
in § 34 : its practical value for useful transformation is 

or da-tfi^-, 

where is the lowest available temperature, being that of a 
refrigerator of dimensions and capacity for heat large enough 
to preserve its temperature sensibly constant when heat is given 
up to it : thus the work that can be got out of an amount fdH 
of heat by any process whatever is only 

/■“-'•/t- C) 

When the process is reversible, this wo,rk has a maximum value 
which is called the available part of the heat-energy f dH^ as 
it represents the utmost amount that is capable under the given 
circumstances of being transformed into something more useful. 
It depends on temperature only, and is obviously the greater 
the higher the temperature of the body in which it is and the 
lower that of the refrigerator. 

If this heat has been supplied at the expense of the intrinsic 
energy of a body which is surrounded by the refrigerator, and 
this energy has changed from E to in the process, we have 
fdH^E^E^\ 


also ^e have 



for reversible processes, where (/>^ are the entropy in the 


initial and final states; and ^0 are perfectly determinable 
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when the final temperature and the final pressure are 
given : hence the part of the energy ^ of a body, enclosed in a 
medium of constant pressure /o constant temperature 
that can be usefully transformed, or the available energy of the 
body under the given circumstances, is 

( 2 ) 

Thus the greater the original entropy or the higher the final 
temperature, the less the available energy. 

Professor Maxwell has shewn' this very elegantly by a dia- 
gram. Let A, B represent the initial and final states of the 
body: through A draw the isometric A a and the isentropic A a 
meeting the axis of v at an 
infinite distance; through B 
draw similar lines Bh, Bfi, 
and also the isothermal BC: 
then the path-line AB repre- 
senting the successive states 
of the body must lie below A a 
as there is no body of higher 
temperature from which heat 
may be received, and it must 
lie above the isothermal BC 
as /q is the lowest available temperature. The limiting path 
is therefore ACB, formed by the isentropic and isothermal: 
now by (2), § 33, the heat given out along this path, ^o)> 
is represented by the area BCapB and is obviously a mini- 
mum under the given conditions, and by (i), § 33t the loss 
of intrinsic energy is constant, being represented by the 

area BdaAa^B; hence the work done, which is equal to the 
difference represented by the area 

ACBhaA, is a maximum. Therefore the area. ACBiaA repre- 
sents the available part under the given circumstances of the 
energy corresponding to the state A which is represented by 
AavaA-^-S, 

Applying this result to our case in $ 64, we shall obtain the greatest 
amount of work, while bringing back the heated gas to its initial condition, 

* Theory of Heat, 4th ed. (i 875 )» 



Fig. 27. 
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if we (i) allow it to expand without receiving or losing heat till its 
temperature falls from T to /« and its pressui^e from 

K I 

A ^ to A (^) (y) “ A (j’) » 

and (2) then compress it at constant temperature till its pressure rises to the 
initial value A '• in the first process \^e shall gain ah amount of work It ( 7 *— /o)i ^ 
and in the second we shall spend an amount 

X 

log, (y)* * = */, log> ^ (since = i) ; 

hence the maximum amount of work which can be got out of the heated 

gas as it returns to its initial state is It log^ and as an amount 

of heat has been communicated to the gas, the efficiency of the 

/ 7 * 

whole cyclical process is i — jT^iog^ y • The maximum efficiency of a 

closed cycle in which the temperatures are those of the tube and of the gas 

in its initial state is : now while this in our given case is 0*5, the 

efficiency of the other process is only 0*3475, ^ greater sacrifice 

of heat to the refrigerator : hence if without expenditure of work we can 
continuously bring a body to a higher temperature than that of the source, 
it is simply because in place of sacrificing work we offer to the refrigerator 
a continuous and equivalent sacrifice of heat. 

We may consider the more general case of an irregularly 
heated body in a perfectly non-conducting vessel of no capacity 
for heat ; if all transferences of heat between the different parts 
are effected by perfect engines till the whole assumes an uniform 
temperature T, the work so done measures the available energy. 
Here is no infinite refrigerator for use with the perfect engines, 
but, as its only requisite is a constant temperature, we may 
employ instead any part of the substance whose temperature 
is Tf such part on the whole receiving no heat durmg the 
processes as it serves also as source with regard to parts at 
lower temperatures. Let t be the specific heat of the mass dm 
at the point z) for the particular circumstances of the 
chaise of temperature, being IT, for example, if the change 
takes place under constant pressure: then as this mass is 
robbed of heat by the perfect engine it gives up to the 
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rt 

refrigerator the heat dm J td/ji the work done by the engine 

rt T 

being dmj^cd/{i On the whole the refrigerator re- 

ceives no heat, and therefore 

o=jdmj\di^^jdmj*^Ldt, (3) 

the integration extending all over the body : hence we find ' 
The work done by all the engines is similarly 

iv=sjdmj td/{i— j) =JdmJ cd/, (4) 

by (3), and this represents the available energy of the body in 
its initial condition. 

If e is the thermal capacity of the body and thus a function 
of the temperature, we have ftdm\ hence (3) becomes 

= o or 

being a conveniently low temperature. The right-hand ex- 
pression might be tabulated, the whole body being supposed 
'for its calculation to be of uniform temperature: then T 
would be that value of / for which this expression is equal to 
the left-hand side of the equation. We should also have 


fV 


=/>■»■ 


If t is independent of the temperature, (3) and (4) beco*me 

. /t\o%tdm 

f dm c log ^ = o or T’ = 10 
JV=z/dmt{f- r). 

If the body is also homogeneous, c is the sarfte for every part 
of it, and we get the further simplifications 

10^ » 

H^=zt{//dm—MT), 

ilf being the whole mass. If the body consists of masses at 
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temperature /i, at temperature ... of the same homo- 
geneous material for which e is independent of these equa- 
tions become 

X nt log/ I 

jr=c(S.w/- T 7 ..ni). 

This method was first given by Sir W. Thomson^ in 1852 : 
the above equations are his, as slightly simplified in expression 
by Professor Tait.'. 

The still more general case we might consider of several 
irregularly heated bodies at different pressures in the non- 
conducting enclosure : the final uniform state as to pressure 
and temperature to which the system may be brought when all 
transferences of heat are effected by perfect engines is the same 
in whatever way or order the engines act : hence we may bring 
each body to a state of uniform temperature, and then the 
system to an uniform temperature, whence the theorem — the 
available energy of a system is the sum of the available energies of 
each of its parts together with that of the system consisting of these 
parts each with its individual available energy exhausted. 

The equations in this case are of the same ^ form as the 
above: now equation (3) indicates that the entropy of the 
system must remain unchanged if the maximum amount of 
work is to be obtained, and thus Professor Maxwell’s pro- 
posed method is suggested : — 

(a) Bring each of the bodies without communication of 
heat ‘io what will be the final uniform temperature of the 
system, this temperature being calculated by (3) : the entropy 
of each is unchanged by this process. 

if) Let those bodies that exert the greatest pressures com- 
press the others, the process being conducted so slowly that 
there is no sensible variation of temperature in any part: as 
communication of heat occurs only between bodies of the same 
temperature, the total entropy is unchanged. 

The entropy of the system being thus constant throughout 

* Proe. R. S, E. iii. (1852) 139, or PkU, Mag, [4] iv. (18^52) 304, and [4] 
V. (1853) 102. 
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the whole process, the total change in energy of the system will 
measure the work obtained, and will therefore represent the 
available energy. These operations might have been suggested 
by a consideration of the above graphical method. 

67. Dissipation: of energy. We know energy under many 
different forms which are of different orders of usefulness to 
us: — t&us it is most useful to us as mechanical effect, and as 
heat of high temperature it is more useful than as heat of l<jw 
temperature : we may therefore class one form as higher than 
another. One form may in general be transformed into another 
either wholly or in part *, but subject to what may be called the 
Law of the Degradation of Energy, viz. — all transformations 
are accompanied by a degradation of energy ^ i,e, by a transforma^ 
tion of energy to a less useful form. 

This was first recognized by Sir W. Thomson® in the case 
of heat and mechanical effect, and he called it the Law of the 
Dissipation of Mechanical Energy. The former term is better, 
both as indicating what has become of the energy — that it is 
not destroyed but present in a lower form — and also as more 
general. His reasoning; which depends on Carnot's principle, 
may thus be ^exhibited. We can alwayl^ transform mechanical 
energy entirely into heat, the transformation being to a lower 
form ; but the work that is obtained from an amount of heat- 
energy fdH by any process is, by (i), less than fdH by. the 
quantity T dll 

where t^ is the lowest available temperature, and this expression 
therefore represents the energy dissipated. If the process is 
reversible, this dissipation is a minimum, and it is then equal to 
^o)» where 4^, are the entropy of the body frottl which 
the heat is taken in its initial and final states* If the process 
is not reversible, the dissipation is greater, and there is an 
actual waste of availability equal to 

* See Professor Balfour Stewart’s Conurvation of Energy. 

* Proc. R.S.E. iii. (185a) 139, or Phil. Mag, [4] iv. (185a) 304, and [4] 
V. (1853) loa. 
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Froin the conditions of reversibility in § 51 we see that a 
reversible process is impracticable; for it is impossible to 
prevent either friction in the parts of a machine or thermal 
communication between parts at different temperatures by 
conduction or radiation: therefore this waste is not pre- 
ventible. 

It is found that all other forms of energy tend to be trans*^ 
formed into the energy of diffused heat, but that a re-trans-* 
formation cannot occur except on the expenditure of work or 
a sacrifice of heat to a refrigerator — in either case a loss of 
availability : hence dissipation accompanies every transformation 
of energy, and as every operation in nature consists in such 
transformations, it follows that the energy of the universe, 
while remaining constant in quantity, is gradually being dis- 
sipated or degraded; its final state must therefore be one of 
uniformly diffused heat. Dissipated energy is thus energy that 
we cannot direct at will, such as molecular energy: could we 
follow each atom in its course and seize it at pleasure, there! 
would be no dissipation. 

In the general case of many irregularly heated bodies in a 
non-conducting enclosure of no capacity for heaf, the effect of 
radiation and conduction is to diminish differences of tem- 
perature and thus the available energy of the system: but 
equation (4) does not give the dissipation when the tem- 
perature has become uniform, for the final temperature will 
in this case be greater than 7; since no heat has been removed 
in the form of work done, as there supposed. The real con- 
ditions are these: if 7 ^ is the final uniform temperature, the 
heat gained by a particle at temperature T' from all the others 
by radiation and conduction is on the whole zero, or 

JdmJ^tdt = o, (5) 


whence 7^: also the work that could have been gained in 
transferring by perfect engines to this particle all the heat that 
has left the others is 


/• n 
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by the preceding equation, and this represents the dissipa- 
tion. 

If the system is homogeneous and c is independent of the 
temperature, these equations become 



= c 7’'(J/log,r'— f dm\ofrj), 

68. Possibility of restoring lost availability. Professor 
Rankine suggested^ that it might be possible to reconcentiate, 
as it were, dissipated energy or to restore to it availability for 
useful transformation: for as diffused heat ultimately^ takes the 
radiant form (the ether not being thereby raised in temperature 
as it is perfectly diathermanous), this radiant energy on reach- 
ing the confines of space may possibly be totally reflected and 
ultimately reconccntrated into foci of such intensity ‘ that, 
should a star (being at that period an extinct mass of inert 
compounds) in the course of its motions arrive at that part of 
space, it will be vaporized and resolved into its elements, a 
store of chemical power being thus re'produced at the ex- 
pense of a corresponding amount of radiant heat.' This 
hypothesis lyally assumes that at a focus of concentrated rays 
a body may be heated to a temperature higher than that of the 
bodies emitting the rays, and is therefore contrary to our 
fundamental axiom that heat cannot of itself pass from a 
colder to a warmer body. 

Hr. Clausius has further refuted this hypothesis by a de- 
tailed discussion of the theory of radiation ® : he gives "the fol- 
lowing summary of his pj^ncipal results : — 

I. ‘To bring the effects of ordinary radiation, without con- 
centration, into harmony with the principle that heat ^annot of 
itself pass from a colder to a warmer body, it is necessary to 
assume that the intensity of* emission from *any body depends 
not only upon its own constitution and temperature, but also 
upon the nature of the surrounding medium ; in fact the in- 
tensities of emission of one and the same body in different 
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media must be inversely proportional to, the squares of the 
velocities with which rays are therein propagated, or, in other 
words, directly proportional to the squares of the coefficients 
of refraction for these media. 

2. ‘ If this assumption as to the influence of the surrounding 
medium be correct, the above principle must obtain, not only 
for ordinary radiation, but also When the rays become con- 
centrated in any manner whatever through reflexions and 
refractions; for although concentration may change the ab- 
solute magnitudes of the quantities of heat which two bodies 
radiate tq each other, it cannot alter the ratio of these mag- 
nitudes.’ 

We can easily shew the latter in the case of reflexion. Let 
radiation leaving the small area da of A at an angle i to the 
normal fall at a distance r on the small 
area da! of B at incidence /' ; then the 
solid angle of the incident cone of rays 

is and, e being the normal 


s 



V 


Fig. 28, 


radiation of Ay the total amount of 
radiation falling on B from A is 
' dcf 

Jj Ida. — ; 


similarly, if / is the normal radiation 
of By the total radiation falling on A from B is 

ff € COS I da . — ^ ’ 

♦ ^ 

and the ratio of these two quantities is obviously Now 

suppose the rays from A first reflected by the surface C before 

falling on B: then the radiation from the small area da of A 

falling at a distance p upon a small area da of C at incidence & 

is by the foregoing 

, .^acosi , . 

edaeoi^i — -5 — or edcD da cost, 


where d(o = is the solid angle subtended at the ele- 
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ment da by the small area da ; and similarly the radiation from 
the small area dd that falls upon this same element da is 
d did dazo^d \ if then da is the element of C at which the 
rays from da are reflected to da\ so that one is the image of 
the other, the laws of reflexion give e/c*> = dd and t = t', and 
therefore the ratio of the radiations from da to dd and from 

I ^ 

da to da IS ^ » which, being constant, is also the ratio of the 

whole radiation from ^ to to the whole radiation from -^•to 
A. Thus the ratio is unaltered by the reflexion. It is to be 
noticed that the radiation which falls upon B in the two cases 
does not necessarily proceed from the same parts of A, and 
vice versd. 



CHAPTER VII. 


Comparison of Theory with Experiment, 


APPLICATION TO GASES. 


Our results have hitherto been expressed in terms of tem- 
peraturcton Sir W. Thomson's absolute scale: in order to 
make use of actual experiments we must determine the relation 
between this scale and those in ordinary use. This relation has. 
been deduced from the behaviour of gases during expansion. 

60 . Dr. Joule’s experimentsL Two copper vessels, of 
capacity 2196 and 2237 c.c. respectively, the first exhausted of 
air and the second containing air at about 22 atmospheres 
pressure, were connected together by a brass pipe provided with 
a stopcock and placed together in a tinned-iron can with double 
walls containing 7484 grams of water at 14*9° c.; the stopcock 
was then opened so that the air expanded into the empty vessel, 
but no variation of the temperature of the water was observed to 
result (even though the thermometer used read to degree c.) 
after the necessary corrections were made for radiation and the 
warmth produced by stirring the water to equalize its tempera- 
ture throughout : Dr. Joule therefore concluded that 'no change 
of teniperature occurs when air is allowed to expand without 
developing mechanical power ' (i . e, doing external work). 

To analyze the above experiment Dr. 



Joule placed the vessels in separate cans 
of water and the stopcock in a third ; the 
air, initially under 20*7 atmospheres, 
pressure, caused a fall of 6-595 degree c. 
per kilogram of water in A which con- 
tained all the air at first and a rise of 


o-6oo degree c. per kilogram rise of 0-078 degree c. per 


* Pha. Mag, [3] xxvi. (1845) 376. 
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kilogram further occurring in C. This confirms the above 
result, the slight redundance of heat being due to the partial 
heating of the cooled air as it passed from J to C through 
that part of the pipe which could not be immersed in water. 

If this is so, the internal work during the expansion of air is 
zero, or by § 58 ^ 2^; 


whence, if F represents a function of v, 

w —fpdv = /F, p = fff, 
and by (22), § 57, 

k being also by (13), § 54, equal to k since — o. But 

M. Regnault’s experiments shew that the specific heat of air 
referred to the c. scale on the air-thermometer U is constant, 
so that (r- To) : 

but if /, T refer to the temperature of boiling water under 
normal pressure and 4, to the temperature of melting ice, 

= t-To = 100; 

therefore ^ = k, and we have generally 


But To = /o = o at the temperature corresponding to absolute 
deprivation of heat, so that t = /, or absolute temperature is the 
same as that measured on the air-thermometer. 

The degree of exactness in the above experiments m^y thus 
be determined. In the first the mass of air used was 

t 

274 ^ 

2237 X 22 X X 0-0012932 =■ 00.355 grams, 

20o*9 

and the water-equivalent of the calorimeter-vessels and water 
was about 9750 grams: now a variation of i degree c. in 
^750 g. of water requires the same amount of heat as a varia- 
tion of I degree c. in == 40812 g. of air* or a variation 

0*2389 

through - = 676 degrees c. of the amount of air used in 
the experiment; thus, as the thermometer immersed in the 
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water read ta only degree c., it would not be affected by a 
variation in the temperature of the air less than = i*88 
degree c. Dr. Joule's conclusion is not therefore absolutely 
established by these experiments : in fact we are going to shew 
that internal work to a slight extent does occur during the 
variations in the density of real gases. The absolute and air- 
thermometer scales are not therefore identical, but differ very 
slightly from each other. 

•We should not get any better result by placing the thermo- 
meter in the vessel instead of the air, for before an accurate 
reading of the temperature of the air could be made, the air 
would have taken the temperature of the walls of its enclosure. 
Such an experiment was performed by M. Gay Lussac', who 
found a fall of temperature in the one vessel and a rise in the 
other, but could make no quantitative measures. 

70. M. Him’ 8 experiment. A more delicate experiment® 
was made by M. Him in 1865. A long copper cylinder was 
divided into two equal compartments by a membrane, and an 
open-air oil-manometer, provided with a stopcock, was fitted to 
one of them : both compartinents were then filled with gas at 
atmospheric pressure and the manometer stopcock turned, the 
oil being at the same level in both arms. The gas was then 
pumped from one compartment into the other, and, when the 
pressures became i and atmospheres respectively, the mem- 
brane was broken by the fall of a leaden bullet and the 
manometer simultaneously opened. No displacement in the 
manometer levels was observed and therefore no variation of 
temperature revealed. • 

Now a depression of i mm. of the oil in the guage cor- 
responds to a difference in pressure of 0 02 c. of oil or (the 

density of oil being o-8) of x ^ atmosphere ; 

and since, when the volume is constant, / oc / or 6/ = —8^ 
the phange of temperature corresponding to this change of 

* Mint, d^Areueil, i. (1807) 180. 

® TkMi nUeanique de la Chaltur dd.), i. 298. 
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pressure when p = i and /= 285*7 12° c.), as in the above 

• • 285*7 I 

experiment, is — — x = 0*644 degree. A depression 

of 0*01 c. could easily be observed, even if it lasted scarcely a 
second, and therefore a variation of 0*044 degree would have 
shewn itself, if it had occurred. 

The delicacy of this arrangement is of little avail, M. Him 
being convinced by numerous experiments that ‘even when 
the gas had fallen through i or 2 degrees below the initial 
temperature after the membrane was broken, it would be heated 
so quickly at the expense of the walls of the cylinder that the 
manometer would not have time to shew an appreciable fall of 
temperature.' 

71 . Sir W. Thomson’s method. A still more delicate 
method^ is due to Sir W. Thomson, who proposed in 1851 
to replace the vessels in Dr. Joule's experiments by long spiral 
tubes, still retaining the stopcock or its equivalent, a partition 
with a small orifice, and to force air continuously but slowly 
through the whole at constant temperature. If there is any 
variation of temperature of the air in passing through the 
orifice, the initial temperature may perhaps be again attained 
only after the passage through a considerable length of the 
second spiral, which must therefore be long enough to ensure 
this. The first spiral is required merely to fix the temperature 
of the entering air, and the process is to be so managed that 
the pressures of the entering and issuing air do not vary. The 
velocity of issue is to differ very little from that of entrance, so 
that the pressure is employed entirely in overcoming the re- 
sistance encountered by the air, and not in giving it kinetic 
energy. 

Let pf V characterize the entering and the issuing air 
when the motion has become steady — that is, when equal 
amounts of air enter and leave the tube. In general the fluid 
friction in the rapids (the orifice and its neighbourhood) will 
give rise to heat, and at the same time heat may be required 
for the work of expansion; the balance therefore will be 

^ Trems, R.S.E. xx. (1851) 294. 
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absorbed by the water in which the second spiral is immersed, 
and may thus be measured. The heat that resulfs from the 
friction of the particles against each other and the edges of 
the orifice is equal to the mechanical work that would have 
been done if the expansion had occurred without any friction ; 
it can thus be measured by our supposing the pierced partition 
removed and a series of moveable pistons without ineKia sub- 
stituted, between each successive pair of which unit-mass of air 

is enclosed, their motion being 
such that each piston A moves 
past the position of the orifice 
O till the next piston B reaches 
0, the volume between them 
being constantly Vy that B then 
remains at rest till by the con-^ 
tinned motion of A the volume 
between them has become i/y that they then move forward with 
this volume unaltered. During these two processes for each 

pair of pistons the work done is (/— and f {p^p')dv 




xz:f"n" 


B 

X 


xzx 


A B 

Fig. 30. 


respectively, the p in the integral being variable : hence their 
sum 


I pdV’Vpv—pW 

J V 


is equal to the heat caused by the fluid friction. Again, during 
the expansion at constant temperature heat equal to fldv will 

be absorbed ; but by § 48 the general expression for / is — ^ , 

fM of 

where is Carnot's function knd / is the temperature 
measured on any scale whatever; supposing therefore the 
scale fo be that of the air-thermometer and consequently re- 
placing / by T,^ we have for the heat absorbed 


-/■ 

; the i) 

; taken 

/*v* I rv 

-ff= / pdv+po-pW- - / 

J V r •fv 


being placed outside the integral as it is a function of the 
temperature. The heat taken up by the calorimeter is thus 

ip 




dVy 
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denoting as usual the heat taken in by the air as it changes 
state; and^ whatever t:hanges of temperature there may actually 
be of the air in or near the orifice, this expression will give 
rigorously the total quantity of heat emitted by that portion of 
the tube which contains the orifice and the whole of the second 
spiral during the passage of a volume v through the first spiral, 
or if through any portion of the second spiral where the tem- 
perature is sensibly t/ Now absolute temperature is defined 
as the reciprocal of Carnot's function, and therefore 


/ 


f pdV+pV'~p^ 7 /i‘I/ 

J V 



(I) 


We know not the true relation between p, v, and r, or we could 
find by this equation the exact relation between temperature on 
the absolute and air-thermometer scales: but the approximate 
formula p ^ 


gives the result 


/ = T -i- 




which is very approximately true. 

Sir W. Thomson proposed^ also to modify this experiment 
and to determine by a thermopile whether cooling or heating 
accompanies expansion, one set of the solderings being fixed 
within the tube on one side of the orifice and the other set 


within the tube on the other side, both sets being placed out of 
the rush of air. Supposing as before that the air is flowing 
gently even though the pressure may be very high (the pressure 


being thus employed merely in overcoming 
the resistance introduced into the tube by 
the pierced partition), there will be a sec- 
tion A of the tube not far distant from the 
orifice, everywhere behind which (/. e, in a 



fig. 31- 


direction away from the orifice) the pressure, specific volume 
and temperature are constant and represented by /, v, and 


* Trans. R. S. E. xx. (1851) 481. 
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there will also be on the other side of the orifice and near to it 
a section By everywhere behind which the pressiire, specific 
volume and temperature are constant and represented by 
z?', /, the rapids being between these sections : now in forcing 
unit-mass of air across the section A we spend work equal 
to pVy but, as unit-mass simultaneously crosses the section B 
doing work equal to pWy we communicate to it energy only 
equal to pv—p'rt. It may also absorb heat H from surround- 
ing bodies, and it may lose part of its energy S in producing 
sound as it passes through the rapids : thus it experiences an 
increase^of intrinsic energy //— or, if Ey denote 
its intrinsic energy at and behind the sections A and By 

^-i? = //-S+/z;-/z;'. (3) 


In the case wherein loss and gain of heat are prevented and the 
energy of sound vibrations is negligible the equation becomes ' 

E^po^Ef^p'v'y 

d ,{^E'\‘pD) ^ K>\ ( 4 ) 


but, accenting the thermal capacities to shew that they are 
expressed in terms of temperature on the air-thermometer, 
we have generally 


d. = {dE-\-pdv) + vdp = E'dT + {L' -^v) dp 




since by (7), § 16, 
Tp 


Z' = /' — I and also /' 


— JL 


'bp 
bp br 


bv 

br 


Hence in this case, when H is zero, 

fJL br ^bp'^ 

or, as absolute temperature is the reciprocal of /a,. 
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Now the approximate formula po Rr gives 
<iT “ / T * 

and thus ^ K* 

_ ^K' , Sr , 

/l’^d.\og,pV- 

or substituting differences for differentials, since they are small, 
we get 

/ = T + — , 

' V 1 


log,/-log,;> 


( 6 ) 


A* log. 


P' 


B being the resulting increase of temperature (measured on the 
air-thermometer) during the change of pressure from p to p\ 
This equation is approximately the same as ( 2 ) ; the signs of 
the second terms of the right-hand expressions are the same 
since, if heat is absorbed by the air or H positive, there must 
have been a cooling or negative. 

72. Dr. Joule and Sir W. Thomson's experiments. 
The latter of these proposed methods has b§en extensively 
used by Dr. Joule and Sir W. Thomson working together', 
but the pierced partition was replaced by a porous plug, as with 
a mere orifice a thermometer placed in the issuing air under- 
went different actions according to its position and shape. 
The nozzle finally adopted was attached to the upright end 
of the long spiral pipe da of copper through which the air 
was forced : it consisted of a perforated metallic disc h resting 
on a shoulder within the pipe, on which stood a shoft piece 
of india-rubber tube cc enclosing a silk plug that was kept 
in a compressed state by the upper perforated metallic plate 
against which the metallic tube ff was pressed down by means 
of the screw a tube of cork hh was placed within to 

* Phil Mag, \±\ iv. (1853) 481; Phil, Trans, cxlhi. (1853) 357 »^li^' 
(1854) 321 ; Proe,R,S.x,{^\S 6 o) 502 ; -B. (i86i) ii.83; Phtl, Tram. 
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Fig 32- 


protect the bulb of the thermometer from the effects of a too 
rapid conduction of heat from the bath, and cotton wool was 
packed loosely round the bulb so as to distribute the flowing 
air as evenly as possible : the tube attached to the nozzle by 
india-rubber tubing, was of glass, in order to 
permit readings of the thermometer. This nozzle 
obviated the rapids and caused the woisk done 
by the expanding air to be immediately spent in 
friction without generation, even temporarily, of 
ordinary kinetic energy or of sound. The dif- 
^ference between the pressures on each side of 
the nozzle was varied by altering the amount of 
silk or cotton compressed in the plug. 

Tife issuing air was always found to be cooled 
by the expansion, but several precautions were 
found necessary for’ quantitative measurement : 
thus (i) the cooling was greater at first owing to 
necessary drying of the material (silk or cotton) of the plug : 
(2) oscillations of temperature were caused by. the intermittent 
action of the pump, from which also particles of sperm-oil or 
of dust were carried over ; the air was therefore made to pass 
through a box with perforated caps and stuffed with cotton 
wool before entering the spiral : (3) a series of fluctuations in 
the temperature occurred on opening the stopcock which al- 
lowed the air to pass through the plug; the cooling effect 
arising from the instantaneous increase of pressure caused a 
depression at first which was soon overtaken by a larger heat- 
ing effect arising from the compression of the air in the spiral, 
and though these disturbances soon ceased owing to the air 
reaching the temperature of the bath by contact with the good 
conducting copper pipe, yet other and longer continued 
fluctuations wer*e caused by its contact with the badly con- 
ducting walls of the plug, the temperature of which was long in 
becoming steady ; the pump was therefore allowed to work for 
a cqnsiderable time before any observations were recorded. 
The correction for conduction of heat through the plug was 
determined by experiments in which the difference between the 
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temperatures of the bath and the air was made very great, and 
it was considered directly proportional to the difference of 
temperature and inversely to the quantity of fluid transmitted 
in a given time. 

A first series of experiments shewed that ^ 


log.^ 


increases 


must therefore use the more complete formula 

p w 

obtained from (i) by evaluating the integrals only on the sup- 
position that pv = Rt and substituting - for H. 

A second series then shewed that for a constant temperature 
of the bath the cooling — d varies directly as the difference of 
the pressures and decreases as the temperature rises, 

the values of -7 — 7>j when pressure is measured in c. g. s. at- 
P—P 

mospheres, being 


Air 

COa 

H 

-0.255 at 17.1° 
-0 203 „ 916® 

— 1.207 at 12.8° 
-1.144 „ 19.1° 
-0693 „ 91.5° 

—0.021 at 10° 


the temperatures being expressed on the centigrade scale. In 
one experiment on sur at i6°c. the cboling was 0*676 (jegree 
when p = 3*6891, = 1*0053 : now Hr. SchrSder van der 

Kolk’s reduction^ of M. Regnault's expefiments on the 
compressibility of gases gives for air at 4*42° c. 

s= 1*00127—0*00172 ^ + 0*000041 jff 

pf^ corresponding to 76 c. of mercury at Paris; hence supposing 
^ Poggs Ann, cxvi. (i86a) 429. 
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that this equation holds good at i6^c. (which cannot be far 
from the truth) and substituting or 

2-8728 X (272-8 -h 16) = 829-578 
for pf^v^ (see § 63) we have 

pD = 830‘628— i-4266/ + o-0339I2/^, 
and thus in the above case = -3-4015: also (§ 63) 

R = 2-8725, 9-9263, so that K' ^ = ^-6-7162, 

= 37346 ; 

therefore /= 288-8 + ^ — = 289-69, and, as the value of 

3-7346 

/ at o°c. must be, within a very small fraction, less by i6 than 
its value at i6®c., the absolute temperature corresponding to 
o®c. is 273-69°. The result of all the experiments leads to the 
conclusion that absolute zero temperature is — 273-7° c., and 
gives the following comparison of the absolute scale with that 
of an air-thermometer in which air is employed of relative 
density d, the standard density being that of air at 0° c. under a 
pressure of one c. g. s. atmosphere (which is 0-0012759 grams 
per cubic centimetre). 


Temperature 
by absolute 
scale measur- 
ed from o®c. 
/- 273.7 

•1 

Temperature 
centigrade on air- 
thermometer. 

tf-100 

Temperature 
by absolute 
scale measur- 
ed from o°c. 

273-7 

Temperature 
centigrade on air- 
thermometer. 

e-100 



0 

0 

« 0 

0 

0 

0 

160 

160— 0-0970 X 

r 20 

20 + 0-0294 X d 

180 

180-01363 „ 

40 

40 + 00398 „ 

200 

200—0*1772 „ 

60 

60+0-0361 „ 

220 

220-0-2202 „ 

80 

80 + 0-0220 „ 

240 

240-0-2627 „ 

100 

100 

260 

260-0.3099 „ 

120 

120 — 0-0280 „ 

280 

280-0.3562 „ 

140 

140-0-0607 „ 

300 

300-0*4030 „ 
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A third series of experiments shewed that the cooUng per 
megadyne of difference between the initial and finsd pressures 
is inversely proportional to the square of the initial tempera- 
ture, or do 

~ p~p' ~ 7 * ’ 

where a is a constant, the value of which for air is about 20337 
and fonCOg about 102571. 

Hence the characteristic equation for permanent gases may 
be determined from 

an equation obtained in the same manner as (5); for on 
substituting from (8) we have 


whence on integration 


a 


^ I t 

7 = 


since K is constant. The function must be of the form 

P 

where R is constant, as Boyle's law is very approximately 
followed by gases, especially when / is great ; thus we obtain 

(9) 

This formula was also found by Professor Rankine by another 
method' and shewn to give results agreeing most satisfactorily 
with experiment. , 

The further results of these experiments are the following 
jS* * 

values of > for different gases:— 

p^.p 


0 

N 

H 

• 

— 0 ' 3 i 7 at 8-7® 
- 0-165 „ 93 ° 

- 0-305 at 7 -a“ 
- 0.187 „ 91 . 7 ® 

+ 0-089 at 6 - 8 ^ 

+ 0-046 at 90 - 2 ^ 


PhU, Trans, cxliv. (1854) 337. 


K 2 
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It will be noticed that whereas a cooling was observed before 
during the expansion of hydrogen, the real effect is shewn by 
these more exact experiments to be a heating, and this is 
doubtless connected with the compressibility of H being less than 
Boyle’s law would give: and further, the cooling effects for 
CO,, N, air, are in descending order of magnitude, as we should 
expect from their coefficients of dilatation being in the same 
order. 

^he experiments also shewed that a mixture of gases in- 
variably gives a smaller cooling effect than the average effect of 
the pure^ases. 

Professor Rankine foimd ‘ that the Centnfugal Theory of 
Elasticity — a generalization of the theory of molecular vortices 
— vindicates that the characteristic equation of an imperfect gas 
may be represented by the formula 



where ... are functions of the density i which must be 

determined^ by experiment. Dr. Joule and Sir W. Thomson 
have used^ the simpler formula 

where i?, a, y are constants, the values of which in the case 
of air they find tp,be R = 3*8659, ® = 777*386, /3 = 844560, 
y = 2 i 432584 q. 

73 . M. Gazin’s experiments. M. Cazin in 1867 em- 
ployed^ an apparatus which allowed^him to examine the state 
of a gas at anjf moment of its passage from one reservoir to 
another' at approximately constant temperature. Two metal 
reservoirs A and,i?, of capacity 8923 and 33805 c.c. respect- 
ively, were connected together by a large brass stopcock C; 
they were connected also to a force pump D and to separate 

^ Trans. R. S. E. xx. (1853) 581. 

* Phil, Trans, cxliv. (1854) 360. 

* Ann. ds eh. et de phys. [4] xx. (1870) 251, trans. Phil. Mag. [4] xl. 
(1870) 81, 197, a68. 
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open-air manometers E and F\ to preserve their temperature 
constant they were provided with double walls between which 
a constant circulation of 
water was maintained. Air 
having been pumped from 
B into A the stopcock was 
opened; and the variation 
of pressure in B during the 
motion of the gas was mea- 
sured by a special sensitive 
open-air manometer (7, in 
which hydrogen sulphate 
was the indicating liquid; 
this manometer was put in 
connection with at a known interval (which was varied) after 
the opening of C, and the times at which different observations 
were made or operations performed were registered by electric 
action on a chronograph. The inertia of the liquid prevented 
the manometer G from indicating the exact pressure at each 
moment, but a large series of experiments enabled M. Gazin 
to draw an approximate curve of pressures. His results are — 
When a reservoir containing compressed gas is placed in 
communication, by a large orifice, with a reservoir containing 
the same gas rarefied, equality of pressure establishes itself very 
quickly in the two reservoirs (o-i second). When equality of 
pressure commences, the velocities acquired have not com- 
pletely disappeared. At this instant the gas in the first re- 
servoir is cooler than at first, as it has done mechanical work : 
on the contrary, the gas in the second reservoir has been 
heated, mechanical work having been done in compressinjg; it; 
but a part only of the kinetic energy produced during the 
efflux has been transformed into heat. While however this 
transformation continues the pressure increases, and when the 
motion has ceased the heat that has disappeared from the first 
reservoir is greater than that which has appeared in the second : 
equilibrium of temperature is quickly brought about by con- 
duction firom or through the walls, and thus, on the whole,* heat 
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is absorbed from the outside. If the walls were impermeable 
by heat j the equilibrium would be established by exchanges be- 
tween the hot and cold parts, but the final temperature would 
be less than the initial. 

74 . Speoiflo Heat of gases at constant volume. In 
§ 65 we have shewn that h, which is constant for each sub- 
stance in all states of aggregation, is equal to the specific heat 
at constant volume of the substance when it is in the perfectly 
gl&seous state, that is, a highly superheated vapour: hence a de- 
termination of this specific heat of gases is necessary. Hitherto 
no direct determinations have been made, and indeed they 
scarcely appear possible, since the mass of the gas enclosed in 
any vessel ;s so small relatively to that of the vessel that there 
is no appreciable difference in the heat necessary to produce a 
given thermal effect in the vessel, whether it is vacuous or full 
of gas. The determination can however be made indirectly by 
finding the value of k, the ratio of the specific heat at constant 
pressure to the specific heat at constant volume, and two 
methods have been employed, (a) the observation of the 
thermal effects that accompany the adiabatic expansion and 
compression of gases, (b) the comparison of the observed 
velocity of sound with the value given by a theoretical formula. 

A. If a gas is confined in a vessel which is incapable either of 
communicating heat to the gas or receiving heat from it, then, 
when compression or expansion takes place, its pressure, spe-. 
cific volume, and temperature change from to p, v, /, 

so that by (62), § 63, 

^_log/-log/, 
log»j-log» 

_ log^-log^o ^ J 
< logPj— logo 
• _ log^-Iogj>B 
I0g/-l0g^,-l0g /+lDg 

If then t<re can determine the chapge of any two of the three 
quantities, we can at once find k ; as however no substance is 
known which will not conduct heat the experiment is in this 
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form impossible, unless the compression or expansion is effected 
so rapidly that the heat lost or gained by the gas is negligible; 
and, though in this case the time is too short for us to measure 
the thermal effect or the changes of pressure and temperature, yet 
by observing the final state of the gas we may estimate them. 

(i) MM. element and D^sormes^ used a 2o>litre glass 
globe •closed by a large stopcock A and connected with a 
vertical glass tube B dipping into water 
which acted as a manometer. The air with- 
in the vessel was partially rarefied by an air- 
pump which could be connected with C\ A 
was then opened for half a second, in which 
time the pressure was raised to that of the 
atmosphere by the entrance of air ; the in- 
coming air had however by compressing 
the air already there raised its temperature, 
and as this cooled again to the surrounding temperature the 
pressure diminished. Let n be the atmospheric pressure, v the 
specific volume of the air, t its temperature, its original and 
p its final pressure : by the adiabatic compression the pressure 
of the air is increased from p^ to n ; also the specific volume 
is diminished in the proportion of p^ to or 
\ogv^-\ogv = log^-log/o, 

since p is the pressure of the air after regaining its initial 
temperature: hence 

^_ logn->logj»o 

log/-log/>o’ 

In one of the experimehts 

n = 1-0136, p^ = 0-9953, p = 1-0088, 



ig- 54 - 


whence. K = 1-3524. 

(2) MM. Gay Lussac and Welter® altered this experiment 
by initially introducing compressed air into the vessel and then 
allowing it to escape^' adiabatically till the pressure in the vessel 
became equal to that of the atmosphere : the expansion having 


1 JwrMd de Physique, Ixxxix. (1819) 428. 

* Ann. de ch. et dephys. [i] xix. (1821) 436. 




13 ^. Comparison of Theory vnih Experiment. 

cooled the air, its pressure is finally greater than that of the 
atmosphere when it has regained its initial temperature. We 
have in this case 

K = ^ogA-logn 
logA-Iog/* 

In one of the experiments 

ir = 10096, = 10314, p = I OI56, 

whence k = i'374S. 

this method M. Him has found 1*3845, M. Dupr6 
1*399, Hr. Weisbach 1*4025, M. Masson 1*419, as the value 
of K forcair: M. Masson found also that k = 1*30 for carbon 
dioxide. 

The discrepancy between these numbers is explained by the 
fact that the compression or expansion does not occur adia- 
batically as the formula implies : thus part of the heat generated 
by the compression is communicated to the in-rushing air and 
another part is lost to the walls of the vessel; and during the 
expansion heat is communicated by the walls to the cooled air. 
Hence the experiments will give better results the larger the 
amount of air in proportion to the surface of the vessel, that is, 
the larger the vessel : the stopcock too should not be opened 
longer than is required to equalize the internal and external 
pressures. 

(3) But here M. Cazin^ has pointed out another difl 5 culty. 
Just as a weight depresses the pan of a spring-balance, on which 
it is placed, below the final position of equilibrium by reason of 
the velbcity acquired, equilibrium being only restored after a 
series of oscillations, so on the opening of the stopcock more 
gas rushes in or out than is necessary to produce equilibrium of 
pressure* and a series of oscillations occurs : the final pressure 
in the globe therefore depends on the phase of the oscillation 
when the stopcock is closed. M. Cazin found that by gradu- 
ally increasing the time during which the stopcock was opened 
he obtained very fluctuating values of k, tending at first to a 
limit from which they afterwards deviated more and more as 

' ^ Ann, de eh, ei de phys, [3] Ixvi. (i86a) 206. 
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the process became less adiabatic: this limiting value is thus 
the nearest to the true value of n that the experiment is capable 
of giving. 

By connecting the globe with another vessel of the same size 
and containing the same gas instead of with the outer air 
M. Cazin was able to determine k for different gases: he 
found the same value i'4i for jur, oxygen, nitrogen, hydrogen, 
carbon monoxide, and 1*291 for carbon dioxide. 

(4) As the manometers in the above experiments were 
scarcely sensitive enough. Hr. Kohlrausch^ proposed to re- 
place them by an aneroid, which is a convenient instriynent as 
the deviations of its needle (counted from the position in a 
vacuum) are proportional to the pressures, so that each division 
of the scale corresponds to a given change of pressure. When 
placed in the receiver of an air-pump the air of which was 
suddenly rarefied by a single stroke of the piston, an aneroid 
indicated that,' when the time t is measured from the beginning 
of the stroke, the rate of change of pressure at any moment 
due to the heat conducted or radiated from the outside was 
proportional to the difference x between the actual pressure 
at that moment and the final pressure that ensues on the 
original temperature being regained, or 
dx 

— - mx, 

whence x = 

These equations cannot be used for the period of the piston s 
motion, but, as the period was small. Hr. Kohlrausch as^med 
that the mean rate of change of pressure during the stroke was 
equal to the mean of the rates at the beginning and end of it ; 
now at the beginning the rate is o, and at the end it is 
if tj is the length of the period, so that the variation 
of pressure during the stroke is further the 

pressure at the end of the stroke is less than that 

finally assumed by the air, the total change of pressure during 
the process is {i + imt,)x^e-'^^i. Then if p, is the original 
pressure of the air before rarefaction, p its final pressure, and 
* Pogg. Ann, cxxxvi. (1869) ^18. 
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+ the lowest pressure caused by the 

rarefaction, we have 

logA-log/* 

In Hr. Kohlrausch's experiment, 

0:0 = 0-01522, = 0*1877, ti = o-7s, 

+ 0.01415, /o= 1-00290,. 

P = o* 9635 < 5 , /= 0.93941, whence k = 1*296. 

"Riis is not a good result, partly from the uncertainty about p\ 
and partly because the air was contained in a very small re- 
ceiver, pf capacity 6 litres only: still the method is more perfect 
than the former ones, as allowance is made for the heat com- 
municated during the rarefaction. 

(5) In 1870 Dr. Rdntgen shewed' that the pressure-indica- 
tions given by an ordinary aneroid are not sufl 5 ciently reliable, 
and, by employing instead a circular corrugated plate of German 
silver (as used in aneroids) let into the side of a glass globe, 
he obtained much better results, finding about 1*41 as the value 
of K for air. In 1872 he made* a more complete series of 
experiments with a more perfect apparatus, consisting of a 
70-litre glass globe A over an opening in the side of which a 
circular corrugated plate of German silver B was cemented : to 

this was glued a bit of 
reed which was also , at- 
tached to a small mirror 
c moveable about a fixed 
axis, so that the motion 
of the plate could be ex- 
actly measured by the 
reflexion of a distant 
vertical scale viewed 
through a telescope. 
This was protected from 
variations of atmospheric 
pressure during the half-hour occupied by each experiment 
by an air-tight cover C with a plate-glass window, wMch 

' Pogg, Ann, cxli. (1870) 55a. * Pogg, Ann, cxlviii. (1873) 580. 
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was further connected by a tube with another 70-litre globe 
containing air at atmospheric pressure, so that artjr varia- 
tions of temperature during the expeiiment (and these were 
prevented as much as possible by paste-board covers and layers 
of hay) might have equal effects on the two sides of the plate: 
two small mirrors were also fixed on the outside pf the 
windovf to throw comparison-reflexions of the vertical scale. 

The globe A was filled by allowing the gas to be tested to 
stream into it for several days so that all air might be removed, 
and its stopcock was shut when the pressure of the gas was 
somewhat greater than that of the atmosphere; the Stopcock 
was then quickly opened and shut and the maximum change of 
pressure (which occurs at the moment of shutting) observed ; 
lastly, the pressure was observed when the initial temperature 
had been regained: then the heat communicated during the 
expansion (which was almost negligible except in the case of 
hydrogen) was allowed for by Hr. Kohlrausch’s method, and 
K was calculated by the ordinary formula. The means of 10 
excellently agreeing experiments gave 1*4053 as the value of 
fc for air, 1*3052 for carbon dioxide, and 1*3852 for hydrogen: 
the last number is much too small, for the original temperature 
was regained so quickly that the change of pressure with the 
time could not be determined, and thus no correction applied, 
though much more required than in the former cases. These 
are the most trustworthy of the experiments yet made. 

B. Newton gave the formula^ 

(") 

as the relation between the velocity of wave-prop>agatiQn in a 
medium, its elasticity, and density ; he considered also the tem- 
perature to remain constant, so that by (59), f 63? elasticity 
is equal to the pressure : thus in air at o°c. and under a baro- 
metric pressure of 76 c. at Paris (which is equivalent to 10 1357 3 
dynes per square centimetre), its density under these circum- 
stances being 0*0012932 grams per c.c., the velocity of sound 

^ Prineipia, ii. § 8. 
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should be A / - = 270060. per sec., — a result which 

V 0-0012932 

is too small by over 15 per cent., the values determined by 
experiment ranging between 33237 (as found by MM. Bravais 
and Martins) and 33066 (M. Le Roux’ determination). 
M. I^aplace^ however pointed out that the rarefactions and 
condensations of the air during wave-propagations cause an 
absorption or a production of heat, and he shewed that these 
constant changes of temperature in the parts of the air have the 
same effect as if its elasticity were increased while its tem- 
perature remained unaltered, the coefScient of increase being 
the ratio of the elasticity at constant entropy to the elasticity at 
constant volume, or ic, by (12), § 17 : thus 



whence, if v is determined by experiment, fc may be calculated. 

To Professor Rankine is due the following elementary 
method of demonstrating diis relation^ — a method applicable 
to all waves of finite longitudinal .disturbance which are of 
permanent type, the word type denoting the relation between 
the extent of disturbance at a given instant of the particles and 
their respective undisturbed positions. Let v be the linear 
velocity of the wave, v the specific volume of the substance 
which transmits the wave in its undisturbed state, m the mass 
that is disturbed in unit-time in a tube of unit-section 
(called the mass-velocity) : then, as the wave traverses v in unit- 
time, the volume of substance in q, tube of unit-section that 
is disturbed in unit-time is v, or 

V = mv, (13) 

Consider now two imaginary planes movmg with the velocity v 
in the direction of the wave, being the velocities of longi- 
tudinal disturbance of the particles that ar^ at any moment 
in the planes : these particles pass through them with the rela- 
tive velocities i', y, and, if the specific volumes of the 


^ Micanique edeste. 


• PhU. Trans, clx. (1870) 277. 
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substance in its disturbed state at these planes are the 
mass of substance which passes in'unit-time through unit-section 

of each is j — ; but, as the wave is permanent, as 

much must leave the space between the planes as enters it, so 
that 




= m, 


since these fractions must equal -, the velocity of the particles 
in the undisturbed state being zero. Thus 

«2 = 

and either of these equations is the kinemaiical condition of per- 
manemy. Now the mass m having entered the space between 
the planes with velocity and an equal mass m having left 
it with the velocity the gain of momentum can 

only be due to the difference ^1— A of the external pressures 
at the planes, as the mutual actions of the particles on each 
other cannot alter the momentum of the whole : thus 

A-/>» = *»(«!-».). 

= (16) 

by (14); or (16) 

This is the dynamical condition of permanemy: it may also be 
written in the form 

where p is the pressure in the undisturbed state. If € /epre- 
sents the elasticity of the substance, 

dp 2 V* 

€ = — = nrv = — > 
dv V 

or !;* = €» = -» {18) 

P 

which is Newton's formula. Now in sound-waves the com- 
pressions and rarefactions are very sudden and succeed each 
other exceedingly rapidly, so that the heat which is developed 
cannot pass from particle to particle by conduction; hence in 
calculating c we must suppose that no heat is lost or take € 
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as the elasticity at constant entropy, and as this is k times the 
elasticity at constant temperature, or, in a perfect gas, k/, we 

have finally * , , 

= Kpv = (* 9 ) 

Experiment shews that there is no permanency in waves if the tem- 
perature of the medium is always the same: hence Professor Rankin e 
points out that change of temperature and conduction of heat are necessary 
for permanence; but, as the transfers of heat must be from j^ticle to 
particle and not from other bodies, the thermodynamic condition for per^ 
nOtkency is that the total heat received by the medium is zero, or, dn 
representing an element of mass, 

, (ao) 

If a certain type of wave is capable of permanence, a relation must exist 
between the temperatures of the particles and their relative positions so that 

dt 

conduction may effect the proper transfers of heat. If ~ is the rate of 

variation of temperature with the distance, and c the conductivity, the 
quantity of heat received by unit-mass in the time during which the dis- 
turbance traverses it — that is, 
td^f and thus 


-i- seconds — ^is but this is also 

m mdn 


whence, 

and 


j I 3 d/ 
dt 

= a-^mftdip, 


’■ h + 


( 21 ) 


r tdt 

I a + mftd<l>' 

These formulae are general : they cannot in general be evaluated except for 


perfect gases. 


(i) ^The velocity of sound has been determined by direct 
experiment. In air at o®c. MM. Bravais and Martins found 
33237, Hrn. Moll, van Beek, ancf Kuytenbrouwer 33226, 
the French Academy 3320Q in 1738 and 33120 in 1822, M. 
Regnault 33070, M. Le Roux 33066. 

- (2) This velocjity has also been determined indirectly. If X 
is the wave-length of a particular note and n its frequency of 
vibration, then 1; = : thus a note may be^ produced by an 

. organ-pipe, and n measured by a siren, X being 

2 0 + t + g) 4 (t + «) 
n 2n— I ’ 
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according as the pipe is open or stopped, I being its length, 
X the correction for the mouth-piece, g the correction for the 
open end, ti the number of the note in the series of tones which 
the pipe can sound. 

For the velocity of sound in air at o°c. M. Dulong has by 
this method found 33300, Hr. Seebeck 33277, M. Schneebeli 
33206, gr.Wertheim 33133. 

(3) Hr. Kayser has lately experimented on the velocity of 
sound by means of Professor Kundt’s dust-figures, which g^e 
very exactly the wave-length X corresponding to a given tone 
of vibration-frequency «, and he thus finds 33250 as the value 
of ^ at o®c. for air. 

We may hence take 33200 as not very far from the true value 
of V for air, and in this case 


Vk = or K = 1-4063. 

As a final result then we shall take the mean between this 
number and that determined by Dr. Rontgen, or 1*4058, as 

the value of k for air, and thus k = = 7*0610. We 

have throughout the calculations considered air a perfect gas, 
but the error we have introduced thereby cannot be very great ; 
and if we proceed to find the value of y on this supposition by 
(52), § 63, we obtain a result almost identical with Dr. Joule's; 


thus 


K ^ 1*4058 2*8725 


= 4I'65- 


K — I C ^ 0*4058 0*2389 

A very small error in the value of k would cause a large one 
in y, since 


6k 


on substituting 41*55 for yand 1*4058 for k. 


= - 73 ^^> 


APPLICATION TO SOLIDS AND LIQUIDS. 

76 . Our experimental data are much fewer and much more 
uncertain for solid and liquid bodies than for gases : yet such as 
they are they shew a very fair agreement with the theory. 
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The best-known quantity for such substances is the real 
coefficient of expansion under constant pressure^ when the pressure 
is one atmosphere : it is denoted by a, and, as it changes very 
little with the pressure, we may consider it a function of the 
temperature and write 



( 22 ) 


Other experiments give the volume-elasticity at constant tem- 
pesature, or its reciprocal the true coefficient of compressibility at 
constant temperature which is denoted by ) 3 , so that 

Yp (* 3 ) 

The variation of ^ with the pressure is not known but seems to 
be negligible : its variation with the temperature is not slight, so 
that it must be considered a function of /. « 

These two results give us the variation of the pressure with 
the temperature when the volume remains unchanged ; for 


'bt- 


'bV ' 

Vp 


a 


(24) 


The equations of §§ 16, 53, 54 therefore become 


- hi 

B 


7iv 

Z=-i-=-avi. 

^ 35— 




av 


(25) 


76 . Application to water. M. Rossetti discussed^ in 
1868 tlie results of the best experiments on the density of 
water between 0° and ioo®c., and compared them with an 
elaborate series of observations made by himself with a dilato- 
meter : he concluded that the specific voliune of water between 
these temperatures is best represented by the formula 


^ Am* de eh* et d$ phys* [4] z. (1867) 461, xvii. (1869) 370. 
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where 

«i = 8-3799ixio-«, «i = 3 78702 xio-», <•, = 2.24329x10-*, 
9 representing t-zn-^i or centigrade temperature; hence 

|| = 2a,(0-4)-2-6^,{fl--4y.«+3f,(0-4)*. 

The indices 1-6 and 2-6 must be considered odd and even 
respectively. 

For temperatures between loo® and i82°c. with a pressure of 
about 15 atmospheres M, Him gives the formula' 

where = 1-08679 x 10“*, = 3*00737 x 10“*, 

r, = 2-87304 X io“®, = 6*64570 X lo"*'* :* 

and ^ = ^2 + 2^2^+ 3^2 ^*““4^2^®- 

His apparatus consisted of a copper vase A communicating by 
a vertical pipe B with a cast-iron vessel 
Cy from which an iron tube D was led 
10 J metres vertically upwards, its upper 
part terminating in a wide glass tube By 
graduated in c.c., and with a short branch- 
pipe F\ water filled the vase A and the 
upper part of By the rest of the apparatus 
being filled with mercury up to E, A 
was heated by two gas-burners enclosed 
with it in the double cover Gy whose 
inner walls were of tinned iron and the 
outer of wood : the water was continu- 
ously agitated by the stirrer Hy the axis 
of which passed through B and C so as 
to be worked from outside, and the ex- 
pansion was measured by the mercury 
that overflowed into E or was drawn off 
at F. 

The best experiments on the com- 
pressibility of water are those of M. Fig. 36. 

Grass! : from his first series® Professor 

Ann, de eh, et depkys. [4] x. (x 8 fi 7 X 3 *' 

L 



* C.R, xxvii. (1848) 153. 
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Rankine shewed^ that the compressibility is inversely propor- 
tional to the density and absolute temperature jointly, but the 
second and more complete series® gives no countenance to this 
law. If the results of this latter series are plotted on a diagram, 
they are found to disagree very considerably : we may however 
deduce from them the formula 

where 

‘ V 5*0367 X io“®, ^3 = 2 8922 X 10“^, = 3-0743 X lo"®, 

pressure being measured in c. g. s. atmospheres. The range of 
the experiments was between 0° and 63 °c. 

We get also from M. Bosscha’s calculation of M. Reg- 
nault’s experiments 

41 * 65 ( 1 + 0-00022 0 ) 

= ^ 4 + 3 ^ 0 , 

where == 41*66, 3^ = 9-141x10“®. 

In these experiments a mass of water at 03 was forced by its 
steam pressure from the boiler to the calorimeter, raising the 
mass of water contained therein from 0 ^ to 02, but the kinetic 
energy thus converted into heat was not taken into account. 
If F is the pressure of saturated steam at 03, n the atmospheric 
pressure, the specific volume of water at 03, the mean 
specific heat of water between 0 ^ and 08 , A"a,3 the mean specific 
heat between 6 ^ and 03, then 

= ^3^2.3(^8-^2) + ^8^3{^-n); 

and it, is the last term that M. Regnault neglected. Professor 
Rankine* applied the necessary correction and proposed the 
formula® iTsr {i +o-oooooi (fl-4)*} ; 

but this does not represent so well the specific heats at low 
temperatures, while at high temperatures it differs very slightly 
from Hr. Bosscha’s, which we therefore prefer. 

From these data we have made the following tables, which 
will give an idea of the magnitudes of the quantities in question. 
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B 

V 

dv 

a 

0 

dv 

it 

0 

1-000119 

—0.0000569 

—0*0000569 

+ 0.0000504 

-0*0000504 

- 1130 

35 

1*002866 

+ 0*0002532 

+0*0002530 

+ 0*0000450 

-0*0000451 

+ 5*616 

50 

1*011945 

• 

+ 0*0004629 

+ 0*0004574 

+ 0*0000436 

-0*0000441 

+ 10.496 










$ 

K 

h 

K 

1 

L 



0 

41-550 

4*-533 

1*0004 

- 309-2 

+ 0*0156 

-36-761 

- 730228 

. 35 

41-778 

41-353 

1*0103 

+ 1677*6 

-0*0756 

7-556 

+ 164660 

50 

42*007 

40.434 

1*0389 

+ 3 . 397-5 

—0*1498 

■r 3-854 

+ 90754 


We should notice that k decreases, while K and k increase, 
as the temperature rises. 

77 . Application to other substances. We will consider 
ether and alcohol as M. Grassi has experimented on them: 
Hr. Kopp^s researches on their dilatation lead to the formulae 

wherein the values of the constants are 
for ether = 

a s= 1-48026 X 10“’, b = 3-30316 X lo"*, c = 2-7007 X 10"*; 

t 

for alcohol 

a = 1-04139 X io“®, b = 7-836 X 10"’, c = 1-7618 X 10 “*. 
M. Regnault's experiments also give 

for ether ir=: 41-55 (0-52901 + 0 0005916^) 

= 21-980 + 0-024580, 

for alcohol 

41*56 (0*54754+0-00224360+0-000006618 0*) 
= 22*751 + 0-09322 0+0-0002750*. 
















148 Comparison of Theory with Experiment. 

We hence deduce for the temperatures of M. Grassi’s ex- 
periments 


Fluid 

$ 

B 

3 

dv 

ip 

ip 

a 

K 

k 

K 

Ether 

Alcohol 

f * 

0 

14 

7*3 

13*1 

c 

0.002010 

0.002164 

0*00x304 

0.001323 

0.0001095 

0.0001381 

0.0000817 

0*0000892 

-0.0001487 

.0.0001915 

-0*0001017 

.0.0001117 

13*517 

11*299 

I2‘825 

11-845 

21.980 

22324 

23445 

24.019 

1^545 

15-388 

18- 746 

1 9 - Sa 5 

1.5112 

1.4602 

1*2507 

1*2302 


In both these cases we see that k increases (and A^also), while 
#c decreases, as the temperature rises — ^the reverse action to 
what occurs in water. 

As a type of solid bodies we may consider silver. Dr. Mat- 
thiessen finds for its linear expansion the formula 

where a = 1*809 x 10"®, h = 1*35 x 10"^ : 
hence » = (i 

_‘ s{a+26$) 


Now Hr. Wertheim found 1*4004 x 10"* for the linear com- 
pressibility of silver at low temperatures with the weight of a 
kilogram and the millimetre as units, or 


1*4004 X 10"^ - 

o 2 = ^’4277 X io“« 

09809 X 10® / ' 

in c. G. s. units (since the weight of a kilogram at Paris is 
0*9809 miegadynes), and he has shewn further that the cubical 
compressibility of metals is sensibly equal to their linear com- 
pressibility : we fiave therefore = 1*4277 x 10"^. Calculating 

for the temperature o°c. where = 77-717 > 


10*651 


o = 6*427 X lo* 


(5*427 xio"^yx 273*7 
(1-4277 X 16“®) X 10*651 


= 0.0534 ; 


and 
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but A"= 41-55 X 0*0669 = 2*3226, and thus ^ = 2-2692 and 
K = 1-0235. By an entirely different method Hr, Edlund ' has 
found fc = 1*0203. 

78 , Adiabatic compression. When bodies are com- 
pressed without losing or gaining any heat, there subsists 
the relation Kdt^Ldp = o 


or 


L avt* 


hence the small increase of temperature ^ due to an increase 
of pressure -sr when no heat is gained or lost is ver^ approxi- 
mately given by 

d = (26) 

if p is the density of the substance. This formula is due* to 
Sir W. Thomson, who also earlier gave the formula* 


at \ 

approximately, for the small increase of temperature $• that 
occurs on a slight adiabatic expansion v, as may be found by 
a method similar to that above. 

Dr. Joule has verified* the former formula by compressing 
water in a copper vessel connected with a cylinder on the 
piston of which weights could be placed, a copper-iron thermo- 
electric junction (which was found to be uninfluenced in action 
by the pressures to which^it was subjected) being placed in the 
centre of the vessel to measure the thermal effect : each ex- 
periment lasted 40" (the time required by the galvaftometer- 
needle to assume a new position), and it was, found that in this 
short time the cooling due to the expansion of the vessel did 
not affect the thermopile. The experimental results were 
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0 


observed calculated 

I>2 

25.690 

— 0-0083 

— 0.0070' 

5 - 

25.690 ' 

-h 0 0044 

+ 0-0027 

1 1*69 

25690 

+ 0-0205 

+ 0-0189 

18.38 

25.690 

0-0314 

+ 0.0333 

30 - 

25690 

+ 0.0544 

+ 0.0563 

3 Jt -37 

15-856 

+ 0-0394 

+ 0-0362 

I 40*4 

15-856 

+ 00450 

+ 0-0465 


The experiments were repeated on oil with similarly satis- 
factory results. 

We can easily prove as above the formula 

iit\ 

or it may be deduced from (26) and (27) together. This 
differential coefficient is the tangent of the inclination of the 
adiabatic to the z/-axis, and thus for the same density the 


adiabatic is the steeper, the greater — • 

It 


Now for water k in- 


creases and ^ diminishes as the temperature rises, and thus for 
the same density the adiabatics are the steeper, the higher the 
temperature: hence in Fig. 18, § 44, the adiabatic (2) corre- 
sponds* to the higher temperature. M. Grassi's actual de- 
termination of /3 seems to indicate th^it it has a maximum value 
at and in this case the above conclusion holds only over 
the determinations are however far too uncertain and 
irregular either to prove that there is a maximum or to shew 
the temperature at which it occurs. 

79 . Thermal effects accompanying traction. If we 
submit a solid rod, of indeterminate section and subject to a 
lateral pressure which is constant, to the action of a longitudinal 
stress in the direction of its length, so as to cause its elongation 
or contraction, we shall produce thermal phenomena similar 
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to the above. If T be the stress acting as a tension, x the 
length of unit-mass of the rod, K' its specific heat under con- 
stant tension, L' the latent heat for an increase of tension at 
constant temperature, then 

dE-Tdx = dH^K'di^L'dT, 
the negative sign being used in the first expression as during 
elongation work is done hy the tension on the body : hence we 
find exactly as in §§ 52, 63 > 



if a' is the real coefficient of linear expansion under longitudinal 
stress. We may also shew this by centering unit-mass of 
the rod to perform a Carnot’s cycle ABCDA by undergoing 
(i) a diminution of tension without loss 
or gain of heat till the temperature falls 
by 8/, (2) an increase of tension 87 ; the 
temperature being kept constant by the 
addition of heat Z' 87 ; (3) a further increase 
of tension without loss or gain of heat 
till the initial temperature is attained, 

(4) a diminution of the tension to its initial 
value, the temperature being maintained 
constant by the withdrawal of heat : then 
by Carnot’s principle, 

area ABCDA _8/ 

L'iiT t ’ 

Now the area ABCDA may be considered a parallelogram and 
therefore equal to the area BCEFB or CExGC, but C£ is the 
elongation due to the change of temperature 8/ under constant 

tension or ^ 8/, and GC is the change of tension 8 r; hence 
L'hT t 

whence equation (a8). 



Fig. 37- 
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If, therefore, the rod is suddenly stretched without gaining or 
losing heat, we have , 

'Sr'*" K'~ K' ' 

or the small change of. temperature d due to an increase of 
tension t!D adiabatically is 

The negative* sign indicates a cooling on extension ki those 
bodies which expand when heated, and similarly a heating on 
*exte*ision in those bodies which contract as their temperature 
rises. No experiments have been made to determine K\ the 
specific |;ieat under a constant longitudinal tension, but in cal- 
culations it is assumed equal to the specific heat under a 
constant hydrostatical pressure, from which it cannot very much 
differ: similarly, asAthe dependence of a', the coefficient of 
linear expansion under longitudinal stress, upon the stress has 
not been experimentally determined, it is generally assumed 
equal to the real coefficient of linear expansion under ordinary 
atmospheric pressure. 

Dr. Joule has verified^ this formula also by experimenting 
on cylindrical bars about 30*48 c. long and 0*635 c. in diameter, 
the upper ends of which were screwed into a fixed piece of 
metal and the lower ends attached to a lever on whose ex- 
tremity weights could be hung without the operator approaching 
the apparatus. The change of temperature was measured 
by a thermo-electric junction of fine copper and iron wires 
inserted into a hole, 0-063 c. in diameter, bored through the 
centre bf the bar. He obtained the following : — 



9 

X 

a' 

• 

% 

calculated observed 

Iron 

13*3 

o-4a85 

1.2204 X IO“® 

4.718 

321-2 

— 0.1020 

—0.1007 

Hard steel 

1*7 

0.4483 

1.3610 X „ 

4*255 

321*2 

—0.1270 

—0.1620 

Cast iron 

m 

.o-5»46 

i-iasox „ 

4.978 

324*9 

—0.1090 

—0.1481 

Copper 


0-3773 

1.718a X „ 

3*953 

317*7 

-01399 

-0.1740 

Lead 


0.0746 

*•8575 X » 

1*305 

8o.o 

-0.0364 

-0.0531 


^ P/m 7 . Trons, cxlix. (1859) 98. 
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Similarly satisfactory results were obtained with gutta-percha 
and different kinds of^wood, and also when the rods were com- 
pressed instead of being elongated. 

The behaviour of india-rubber, the peculiarities of which were 
first pointed out by Mr. Gough \ was also carefully examined. 
When suddenly stretched it undergoes a heating instead of a 
cooling^effect, and is immediately cooled if allowed to contract : 
Sir W. Thomson therefore concluded that a' is negative, or 
that a stretched piece of india-rubber will contract whe« its* 
temperature is raised — a fact demonstrated by Dr. Joule, who 
found that when initially stretched to double its lenglji it con- 
tracts by j^th of that length on rising through go degrees. 
The elasticity of india-rubber is very imperfect and at low 
temperatures it becomes rigid: it then acts like a metal, being 
cooled on extension and warmed on compression. Better ex- 
periments can be made with vulcanized india-rubber, the elasticity 
of which is more permanent, and the general facts observed 
are — (i) the efiects of adding or removing tension are sensibly 
equal but opposite, (2) when the tension is small but con- 
tinuously increased, there is at first a cooling effect which 
reaches a maximum and ultimately becomes a heating effect 
that increases more rapidly than the tension. 

Hr. Schmulewitsch* has also shewn that the effect of 
heating a stretched piece of india-rubber is to -lengthen it if the 
tension is small, and to shorten it if the tension is large : thus 
for a certain tension there will be neither elongation nor con- 
traction. He determined this tension and the corresponding 
elongation in the following cases : — 



length 

diameter breadth 

thickness 

tension 

elongation 

Tube 

10.3 

0-55 

O-I 

• 

0-1746 

0.097 

Rod 

8.25 

0*7 


0-2942 

0-102 

Band 

10.3 

0.9 


0-0392 

0-129 


^ Mem, Literary and Philosophical Society o/Manehest^t [2] i. (1805) 288. 
* Vierteljahrsehri/t der Naturforsch, Qcsellschaftf Zurich, xi. 202. 
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This example shews that the values of a' should in all cases 
be determined by special experiment, for the vulcanized india- 
rubber used by Dr. Joule dilated when heated in an unstretched 
condition, its coefficient of cubical expansion 5-26 x 10“^ being 
greater than that of any other solid. 

Hr. Edlund^ has made similar experiments on wires: these 

were fixed hy their 
upper end A, the 
lower end being so 
fastened to a move- 
able lever at B as to 
be instantly loosen- 
ed on a pin being 
drawn. On the lever, 
the weight of which 
was counterpoised 
by C, was a roller 
D that supported a 
weight -5 which could 
thus easily be moved 
backwards and for- 
wards, and the elon- 
gation of the wire 
caused thereby was 
estimated from the 
angular displace- 
* Fig. 38. ment of the lever de- 

termined by means 

of the mirror F. The temperature of the wire was determined 
by a small thermo-electric element G consisting of a crystal 
of antimony and another of bismuth separated by the wire 
against which they were pressed by springs. An experiment 
included three processes : (i) the weight E was rapidly pulled 
to the far end of the lever and the thermal effect which was 
always a cooling, observed ; (2) on the wire regaining its initial 
temperature (known by the return of the galvanometer needle 
^ Pogg. Ann, cxiv. (1861) i, cxxvi. (1865) 539. 
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to its initial position) the weight E was pulled back to its first 
position, and the thermal effect Sg, a warming, determined; 
(3) when the weight was at the far end of the lever, the pin was 
suddenly withdrawn and the wire loosened ; jts contraction was 
unaccompanied by external work and caused the thermal effect 
^3. With a steel pianoforte wire, 59 c. long and o*xi4C. in 
diameter; the following results were obtained: — 


% 

3. 

3 . 


2 

E 


3.778 

-0-911 

•f 0.843 

+ 1-294 

0877 

0-316 

• 

0.0540 

3*499 

- 1-054 

+ 1*033 

+ 1-695 

1.044 

0.298 

0-0532 

4.270 

—1.312 

+ 1*312 

+ 2.301 

1.312 

0-307 

0-0542 

4*939 

-1-446 

+ 1*431 

+ 3-001 

1.438 

0-290 

0.0641 

5*319 

-1.742 

+ 1-701 

+ 3-608 

1.722 

0.324 

00530 


We thus see that (i) the values of \ and are equal but 
opposite (their means being in the fifth column), and they 
correspond to equal but opposite changes of length ; (2) they 
are proportional to the tension % (the mean coefficient of pro- 
portion being 0307) and thus to the change of length A; 
(3) when external work is done the heating ^ is less than the 
heating that accompanies free contraction ; (4) the difference 
^3— d is proportional to the square of the tension (the mean 
coefficient of proportion being 0-536 if experiment 4, in which 
must be wrong, is omitted) and thus to the product of the 
tension and contraction or* to the external work done, as we 
should expect. From the uncertainty as to the values of a' and 
k' the formula (29) could not be verified. 

80 . Thermal effect of drawing out a film of liquid. 
Sir W, Thomson has applied Carnot's principle to the in- 
teresting case of a soap-bubble or other liquid film If 7 \, 7*3 
are the tensions in the directions of principal curvature of one 
side of the film, and r^, the radii of principal curvature, then 


1 Proc. P. S, ix. (1858) 255. 
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7* 7* 2 7 

the corresponding pressure is — + — , or — when the surface 


r, r, r 

is spherical, so that 7\ = = r and = rg = r. In the 

case of a thin spherical soap-bubble, the values of T and r may 
be supposed the same on each side of the film, and hence the 

inside pressure will be ^ + n, when n is the atmospheric 

pressure. Then the work done per unit of augmentation of 
tht area of one side of the film will be 27*. 

Now for a given liquid T varies, and in general decreases, as 
the temperature rises, as is shewn by the different heights to 
which the liquid rises in a capillary tube at different tempera- 
tures, the heights being in general the less the higher the tem- 
peratures. Thus 7 ; r' being the tensions at the temperatures 
/, the work 2 (7*— 7’') will be gained if a bubble on the end 
of a tube is allowed to collapse so as to lose unit-area at and 
then, after being heated to is blown up again to its original 
dimensions; or, if the difference of temperature is small and 
equal to 6/, there will be an absorption of heat H at the higher 
temperature and at the lower an evolution of heat which is 
dT 

infinitesimally less by — ^ done, whence by 

Carnot's principle 




II 


6 / 


or 


dT 


' Hence if a film such as a soap-bubble be enlarged, its area 
being augmented in the ratio of i to w, it experiences a cooling 
effect to an amount calculable by finding the lowering of tem- 
perature produced by removing a quantity of heat equal to 
dT 

— from an equal mass of liquid unchanged in form.' 

For water 7 = 81 dynes per centimetre at 20® c., or the work per square 

d 7* T 

centimetre in drawing out a film = 162 ergs ; also about. 

w 55 ® 
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Hence at 20° c., where t « a 93 * 7 i the heat that must be removed to pro- 
duce the cooling effect per square centimetre of surface-extension is 86>5 
ergs. Thus if a gram of water be drawn out to a film of joo square centi- 

metres, the cooling effect will be 100 X — degree c., and 

® 41.55 X 10* 4803 ® 

the work ^nt in drawing it out is 100 X 162 » 16200 ergs, and is equi- 
valent to a heating effect of — ^ degree c. : hence the total 
- 41*55 xio« 2565 ** 

energy of the water is as much increased when it is d^awn out to 100 square 
centimetres at its original temperature as if it were raised through 

4803 2565 “ i‘6^ degree c,, 

or its energy is increased by 1 megalerg when it is drawn ou* to 4036 
sq. c. 



CHAPTER VIII. 


Change of State. 

&1. Apparent discontmnity. Under certain circumstances 
we find that heat given to a body at constant pressure does not 
increase* its temperature as in the general case, but produces 
molecular changes, altering its state from the solid to the liquid 
form, from the liquid to the gaseous, or from the •solid to the 
gaseous: these are the processes of fusion, vaporization, and 
sublimation. When a higher form exists simultaneously and 
in contact with a lower form of the same body, it is said to be 
saturated; ahd for this case the general thermodynamic equa- 
tions require modification. 

Denoting by f (the letter generally used to express vapour 
pressures) the pressure of a body in a saturated condition, 
by /, s the specific volumes (i.e, the volumes of unit-mass) of 
the body in the higher and lower form, these quantities being 
functions of /, and by m the proportion of the substance in the 
higher form in unit-mass of the mixture, we have by § 12 

V = {/— j)w2-|-f 

= mu^s^ (i) 

if we write u for j, so that « is % function of /: also 

/ = ^(A 

The form of the function Fif) has been found by Professor 
Rankine^ on a certain hypothesis as to the molecular con- 
stitution of bodies to be 

(2) 

/ denoting absolute temperature, and a^h^c . being constant 
^ Edin, Niw PM, Jwrn, xlvii. (1849) 
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for a given substance. The hypothesis referred to is that ‘ the- 
pressure of a vapour in presence of its liquid or solid is the 
result of an expansive elasticity in the vapour balanced by an 
attractive force tending to condense it on the liquid or solid 
surface/ 

The heat absorbed by unit-mass in changing state is called 
the latent heat : it is a function of the temperature, and will be 
denoted by K megalergs. Now the total vblume is increased ^ 
during this change of state by j or u under the constant 
pressure f so that external work fu is done in addition to 
the work against molecular forces : hence the heat A' really 
concerned in the molecular change is given by 

X' = A-/i/. (3) 

82. General equation. Let /, s be the specific heats of 
a body in the higher and lower form respectively when satu- 
rated, that is, the heat requisite to raise the temperature by 
one degree when the pressure varies so that equation ( 2 ) is 
always satisfied : these quantities are functions of /, and as the 
temperature and pressure alter simultaneously we have 

, = = ( 4 ) 

Jt, L having the ordinary meanings and referring to the lower 
form of the body, Z' referring to the higher. 

When a saturated mixture takes in heat in the general case, 
the temperature of the whole is raised and a portion of the 
lower form is transformed into the higher; thus addirion of 
heat dH will raise the temperature by dt, the lower form taking 
(i--m)%dt and the higher m%'dt, and cause dm to change state 
and render latent \dm : hence 

dH — {{f-%)m^s}dtfkdm. ( 5 ) 

83. Application of the First Law. Since 

dH^dE ’{'fdv, 

but this is a perfect differential; hence 




i 5 o 
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or 


dt dt "hm 

^'sru. 


by (i), on ymting, as is very convenient, w for This 

at 

relation was first given by Professor Clausius S but by a 
somewhat cumbrous methbd; the above exact demonstration 
is due to Sir W. Thomson®. 

d 4 . Application of the Second Law. Since is a 
perfect differential, 


or 


<> (s'— «)/» + »_ c> A 
t ^ 'ht t^ 


( 7 ) 

( 8 ) 

- . 4 

Hence by (6), X = xsuU (9) 

Equation (8) was first given by Hr. Clausius in the paper 
demonstrating (6). Equation (9) may be obtained by the direct 
application of Carnot's principle: for when hm changes state 
at constant temperature, heat is absorbed and the volume 
is increased by ubm; thus, the change of pressure in the small 

cycle being ^ 6/, we have 


ubm.^bt 

at 


bt 


\bm t 

whence the above relation. It was thus first found by Sir 
W. Thomson®, who used a different nota^on and denoted 

Carnot's Functidn by the general symbol /a instead of i as 

later assumed: Professor James Thomson* at the same time 
virtually gave it from consideration of the circumstances at- 
tending the fusion of ice as detailed in § 89. 

I 389. trans. PAi 7 . Mag. [4] ii. (1851) 16. 

R- S. E. XX. (1851) 285, or Phil, Mag.\j(\ iv. (1852) 174. 

• Trans. R, S. E, xvi, (1849) 55 ^» eqiiation (ft. 

* Trans. R. S, E. xvi. (1849) 575. 
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Relation. (9) shews that isr is, positive or negative according 
as / is greater or less than s : thus according as a body expands 
or contracts in changing state from a lower to a higher form, 
so does an increase of pressure on the body in a saturated state 
raise or lower its temperature. This result might have been 
expected: if fusion, for instance, is accompanied by increase 
of volume, that is, by further separation of the molecules, com- 
pression must reconvert some of the liquid* into the solid form, 
and by rendering sensible the corresponding latent heatTOUsf 
increase the temperature of the whole ; and vice versa, if fusion 
diminishes the bulk of a body, compression will liquefy part 
of the solid and the necessary absorption of heat will diminish 
the temperature of the whole. 

This relation also gives the specific volume in the form 

»=f + — . (10) 


85. Determination of the Entropy. From (7) we have 

(") 


, , d \ 


hence the general equation (5) may be written 

dH ^dm] 

at t t 

= (12) 

a very convenient form. The entropy is therefore given by 

whence ^ ^*3) 

86. Determination of the Intrinsio Energy. From (5), 
(6), (i), and (lo), 

dE = A <//»+( 

= di-^mu^ dt)--f d.{mu-^s) 



l6i 
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Hence by integration, 

iE-5, = «{X-/a)-j»i(Xo-/,«,)+^(*-/^)<a', ( 14 ) 

• (* 6 ) 

These equations and that of the preceding article may easily be 
deduced from the general relations (49), § 61, 

87 . Latent heat. The integration of (11) determines 

We may also express the real internal work X' as 

X' = « («r/-/) = (* 7) 

^ ¥ 
d I 

by (3) and (9). Thus A' is zero when = y 


88. "Expansion along an Adiabatic. In this case there 
is no change of entropy, and equation (13) therefore gives * , 

(18) 

* h •'/o ^ 

whence m can be determined for any period of the process. 
We have here assumed not only that there is neither gain nor 
loss of "heat, but also that no kinetic energy is acquired or 
communicated : this supposition requires the external pressure 
to vary with and be always equal to that of the mixture. 

The vork done during a finite change of volume is shewn 
by § 32 to be the right-hand expression of (14) or (15) with 
every sign changed. 

From (10) and (18),* 
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ea^r^on with respect to /) positive or nqiative will coat- 
piession lower or raise the temperature. It is necessary 

negative when both «r and * increase with t. 

On differentiating (i8) we obtain 


(— ) = 






' ! 


which we might get at once from (5) ; hence according as the 
expressions within the brackets are positive or negathre will an 
increase of temperature diminish or increase the value of 
that is, cause condensation or vaporization. 

Finally, since / is a fraction of m by (18), we have 




^ tar/ 


S + «A 


d/ 


• ds 

•log,ttr-«/ — 




and according as this is positive or negative will vaporization or 
condensation accompany expansion. 

This case was first treated by Professor Clausius ^ 


APPLICATION TO THE TEMPERATURES OF FUSION. 

89 . Fusion of ice. As ice contracts in the act of melting 
the melting-point will be lowered by an increase of ]|lressure. 
The reasoning which ledJ?rofessor James Thomson* to this 
conclusion may be thus exhibited. If con^pressed air at o®c. 
be confined in a cylinder, all of non-conducting material except 
the bottom which is perfectly conducting and of no capacity 
for heat, and this cylinder be immersed in* a small mass of 
water at o^c., the air will do work when allowed to expand at 
constant temperature and will at the same time absorb heat 
from the water, part of which will consequently be frozen. If 

^ -Pogg* Anil, xcvii. (1856) 458, trans. PJWZ, itfiarg. [4] xii. (1856) 353, 

^ Trans, R, < 9 . X xri (1849) 575. 
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the w^ter is enclosed in another piston-fitted cylinder, the 
formation of ice, tending to increase the volume, vrill increase 
. the pressure and work can be obtained in allowing expansion 
till the pressure falls to its original value. If now work be 
spent in compressing the air to its original volume, the heat 
absorbed in the first operation will be restored to the water and 
reconvert into water the ice that was previously formed, work 
at the same time bhing done by the external pressure on the 
watef during the accompanying contraction. Everything is 
now in its original state, and on the whole no heat has been 
expended^ hence the excess of the work done by the water 
in expanding over that done on it during contraction must 
be equal to the excess of the work done on over that done 
by the air. The excess in the first case necessarily exists, as 
the pressure is least during the contraction ; the excess in Aie 
second case can only exist if the air has a lower temperature 
during expansion than during compression : it must therefore 
be at a temperature below o°c. when in contact with water 
freezing under greater than atmospheric pressure — and this 
temperature must be that of the water. 

The calculation in this case of equation (9) is simple. The 
density of water at o®c. relative to that at 4°c. is 0-999871, as 
deduced by M. Rosetti^ from all the best observations; and 
therefore ita absolute density in grams per cubic centimetre 
is 0-999884, as that of water at 4°c. is 1000013 by § i : 
hence /= i-oooii6. By Professor Bunsen's experiments® 
with his ice-calorimeter the relative density of ice at o°c. is 
0-91674 or its absolute density is 0-9^6752, whence 
j = 1-090808 and 0*09069. 

The same experiments give 80-025 for the latent heat at o°c. 
in units which aire equal to the hundredth part of the heat 
required to raise^one gram of water from 0° to 100° c., that is, 
to i-oxi calories; hence 

\ = 80*025 X ^’011 X 41-55 = 3361-6 megalergs. 

^ Ann, de eh, et de phys, [4] xvii. (1869) 375. 

Ann, cxli. (1870) 7, trang. PM, Mag, [4] xli. (1871) 165. 
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When heat (that is, work) is expressed in megalergs, pressure 
is expressed in megadynes; thus / denotes pressure in mega- 
dynes per square centimetre or in c. 6. s. atmospheres. Also 
o®c. is in absolute temperature 273*7® • hence 

3 3 ^^^ ^ I 

dt iu 273*7 X 0*09069 0*00738 

or the temperature of fusion is lowered by 0*00738® by every 
addition of one atmosphere to the pressure. 

Professor Sir W. Thomson^ confirmed this calculation by 
a piezometer of stout glass in which were placed an air- 
manometer formed of a straight glass tube and a delicate 
thermometer of sulphuric ether enclosed in a sealed glass 
tube for protection against compression. Sul- 
phuric ether was chosen from having a small 
density 0*736 and a large expansion-coefficient 
0*001513, so as not to deform the thermometer 
by its weight and yet give large readings for small 
differences of temperature. The thermometer 
scale contained 15I* divisions to the centimetre, 
each equivalent tp 0*0078 degree. The piezo- 
meter was filled with ice and water with a ring 
of lead to keep clear from ice that part of the 
thermometer where readings were expected. In 
two series of experiments the pressure when in- 
creased by 8*1 and i6*8 atmospheres, each of 
which corresponded to 29*922 inches of mercury 
at Glasgow or to 1*0142 c. g. s. atmospheres, produced a 
lowering in temperature of 7i and i6i divisions respectively, 
that is, of 0*0586 and 0*1289 degrees, or a lowering of.o*oo7i3 
and 0*00756 degrees (with a mean of 0*00735 or degree) 
per additional c. g. s. atmosphere. 

From the above then it is obvious that the'highest tempera- 
ture at which ice can exist is 0*00738 x roi 36 = 0*00748® c.; 
for by § II its melting-point is o®c. under the pressure of 

» Protf. P. S. E. ii. (1850) 267, or PhU. Mag. [3] xxxvii. (1850) 123. 
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1*0x36 atmospheres, and its possible temperature is highest in 
a vacuum. 

Sir W. Thomson suggested the repetition of this experi- 
ment under great pressures as obtained by a Bramah press 
with a minimum thermometer to mark . the corresponding 
melting-point. Professor Mousson^ carried out this idea in 
a different way, directly shewing that by compression water may 
be maintained fluidi.at low temperatures. He first used two 
similv prisms of iron which when screwed togethep--their 
surfaces of contact being carefully worked plane and covered 
with caoutchouc to prevent leakage*— had down their centre a 
cylindricaf cavity whose lower end was firmly closed by a 
screw. At the top was another screw, the turning of which 
pressed down a piston-rod and compressed water with which 
the cavity was filled. The state of the water was examined^ 
through two windows of thick glass let into the lower part, 
the test of fluidity being the mobility of a copper index in 
the bore. After compression the whole was placed in the cold 
winter air and the temperature of fircezing determined: this 
was found to be between —3® and — 5°c., the corresponding 
pressure, calculated from the above theoretical number, 
being about 540 atmospheres. For higher pres^ 

sures he used a prism of steel, as in the figure, with a cylindrical 
bore of 0*71 c. diameter; the lower part of the bore was closed 
by a copper cone pressed in by a strong screw; 
the upper part was slightly conical and was closed 
by a long plug a of copper pressed down by a steel 
piston by means of a strong screw and long lever. 
The copper by yielding to pressure made both ends 
water-tight, while the steel allowed any pressures to 
be used. The upper part was closed, and the 
whole 'reversed ; a small brass rod h was then 
dropiied in, and the bore filled with water. When 
exposed to the cold winter air at — 9*5®c. the water 
congealed ; the ice protruding from the cylindrical 
bore was then removed, the copper cone put in and screwed 
^ -Pogg* CT. (1858) 161. 
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up, and the whole again reversed and put into a freezing 
mixture at — i8®c. The brass rod was obviously then upper- 
most, but by sufficient compression the ice was liquefied and 
the rod fell, as was shewn on removal of the lower screw and 
cone; for the rod issued first, followed^y a cylinder of ice 
frozen on the reduction of the pressure. Hr. Mo us son roughly 
estimated the compressioii at 0*134 and the pressure employed 
as not less than 13250 atmospheres : ^ow the empirical 
formulae for the compression and expansion of water and ice* 
indicate 1185 atmospheres only as the pressure corresponding 
to this compression; for i c.c. of ice at — 9-5°c. is 0 (19851 c.c. 
of ice at o°c., and this becomes 0*91548 c.c. of water at o'^c. 
under one atmosphere, or 0-8619 c.c. under 1185 atmospheres, 
or 0*866 c.c. of water at — 18® c. under the same pressure : and 
again, the pressure required according to the theory is 2410 
atmospheres only : hence though we are not perhaps justified in 
applying the above empirical formulae and theoretical number 
so far below o®c., we must regard the pressure in the above 
experiment as indefinite. It may of course have been much 
greater than was necessary to liquefy the ice. 

Older experiments made by Major Williams^ at Quebec 
seem to shew that the possibility of expansion is a necessary 
condition of congelation. A strong 13-in. iron shell, the 
thickness in different parts varying from 5 J to 4J c., was filled 
with water and closed by an iron plug, of about 1*3 kilograms 
in mass, driven into the fuze-hole by a sledge-hammer, the 
sides of the plug being roughened by a file to secure "greater 
firmness : it was then expensed to the cold. The most striking 
result was obtained with, an out-door temperature of -- 28J®c. : 
the plug was suddenly shot out at an elevation of 45*^ and 
thrown to a distance of 126J metres (indicating an initial 
velocity of at least 35^ metres per second 01-^7450 megalergs 
of work), while a cylinder of ice, 22 c. long, was forced out of 
the hole, the expansion being about original volume. 

On another occasion with an out-door temperature of 24^^ c., 
the plug being fastened internally by springs, the shell burst 
» Tram. R. S. E. ii. (1786) 33. 
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and the ice came out of the cracks in thin plates like 6ns, in 
places 6 c. high. The temperatures given are not necessarily 
those of the water, and we cannot therefore estimate the in- 
teraal pressured. 

Professor Clausi^jp^ first used equation (8) to determine the 
rate of increase with the temperature of the latent heat of ice 
at its normal melting-point. By equations (4) we have 
s'-.s =5 (Z'-Z) cr ; 

‘now«!S, l! are both very small, and so is h fortiori their dififer- 
ence ; hence, though is about 135, we may write K'—K for 
s'— s. We have 4 i' 65 , and from M. Person’s measures 
A'sr 0-5037 X4i*SS = 20-929; hence Z's 20*621, and 
3361-6 , . 

= =32-903, 

or less than one per cent, of the value of X at this temperature. 

This result shews that X diminishes with / when the pressure 
varies so as to preserve saturation. Before this demonstration 
M. Person* had concluded, since the specific heat of ice is 
less than that of water, that the latent heat diminishes when 
the freezing-point is lowered without increase of pressure by 
the fluid being kept perfectly still: this effect we may thus 
calculate*. If we cool a gram of water at constant pressure 

r 273.7 

from 273*7° to /° the heat given out is J di\ if we could 

freeze the water at this temperature by absorbing the latent heat 
as fast as it becomes sensible — a process really impracticable, 
the failure of which however does not invalidate the reasoning — 
the heat given out is X ; if the ice soHTormed is cooled to t°, the 

heat given out is ^ Kdt\ thus in these three processes heat 

/• 278.7 rt 

lequal to J A^<// + X + J dCdt is given out; but the total 

change of intrinsic energy and external work, represented by this 
quantity, is entirely independent of the intermediate temperature 

^ -Pogg. Ann, Ixxxi. (1850) 168, trans. Phil, Mag, [4] ii. (1851) 548. 

’ C. R, XXX. (1850) 526. 

” Clausius' Ahhandlmgen fiber die tnechanisehe WSrmetheorie (1864), i. 98.* 
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t, as the pressure is constant : hence differentiating wifli respect 
to / we have 

A similar method, wherein the pressure is supposed to vary 
so as to preserve saturation, results in ecfuation (6), thus justi- 
fying the procedure. In fact, in raising a gram of ice from 
to f always at saturation-point, in liquefying it at /®, and in 

raising the water so formed to 273*7® always at saturation-point, 
rt • 

we expend heat j J dt\ during these processes 

external work j y‘ds+/(/s)+J fds' is done, o-, 9 are 

the initial and final volumes and j, / correspond to the tem- 
perature /: now the total change of intrinsic energy is inde- 
pendent of the intermediate temperature /; hence differentiating 
with respect to t the difference between the above quantities 
(which is this change of intrinsic energy) we get 


If instead of considering equation (8) we take its integral 
in (16) and consider s'— « constant and equal to A''— A”, we 
have directly 

= 12*282 + 20*021 log 

/ ® 273*7 

= 47*481 (log/— 2*1786). 

On this supposition A is zero at temperature 1 50*9°, • that is, 
122*8 degrees below the ^normal melting-point: to this tem- 
perature will correspond a pressure of at least 

— h I = 16632 atmospheres. 

0*00738 

It would seem that at and below this temperature there is no 
distinction between the solid and liquid forms of water. 

The phenomena of regelation (a better term for which would 
be congelation^ as Professor^ James Thomson suggests) and 
glacier motion are easily explained by the lowering of the 
melting-point of ice by pressure. ^ ^ 
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90m Other ezperimenta. Sir W. Thomson's prediction 
that an increase of pressure will raise the melting-point of those 
tx>dies that expand jin melting was verified by the following ex- 
periments made independently by Professor Bunsen \ A tube 
AB of stout glass, 30 c. long, was drawn fine at both 
ends : the capillary part AD, about 4 c. long, was bent 
as in the figure, and the capillary part DC, about 
46 c. long, was carefully calibrated. Both ends being 
open, mercury was sucked in and the end C sealed 
when the tube was full. Some mercury was driven 
^ out at D by heat; the space left on cooling was then 
filled by spermaceti, &c., and the end Z) sealed up. 
The end C having been now opened, mercury was 
driven out by heat; on the subsequent cooling air 
entered and the end C was again sealed so that DC ' 
could act as a manometer. The end D was then im- 
mersed in hot water and the spermaceti liquefied : it 
Fig. 41. ^as allowed to cool, and the temperature of solidifi- 
cation was noted together with the corresponding 
pressure, as indicated by the manometer, which increased with 
the length of the tube AD immersed. The temperature of 
fusion was found to increase with the pressure ; it is approxi- 
mately given for spermaceti in centigrade degrees by the formula 
(up to 158 atmospheres) 

0 = 47*68 + 0-0207^ 


p denoting the pressure in atmospheres. Similar experiments 
with paraffin led to similar conclusions and a corresponding 
formula (up to loi atmospheres) 

0 = 46*27 -I- 0*03 26/. 

Mr. Hopkins® extended these results by employing great 
pressures : the sul&tance to be experimented on was placed in 
a I in. brass tube A connected to a brass cylinder D full of oil, 
in which worked a piston C. Glass could not be used be** 
cause of the great pressure, and even the brass had to be 
case-hardened to prevent escape of the liquid through its pores. 

^ DQgg. Ann, Ixxxi. (1850) 562. • Dip, B. A, (1854), h* 5 ®* 
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The liquefaction of the substance could not therefore be di- 
lecdj observed, but a small iron ball or, better, a 
magnetic needle in the tube at 27 , resting upon the | 

substance 'while solid, defected, an external mag- 1 1 1 

netic needle ; this deflection ceased when the ball 
fell on liquefaction of the solid, and the tempera- a Q 
tore of an oil-bath in which the whole instrument 
was immersed gave the temperature of fusidn cor- 
responding to the pressure during the experiment. The pres- 
sure was estimated by finding the weight which pushes in 
die piston against the external pressure through a certain small 
distance and the less weight which allows the piston to 
return through this distance, the atmospheric pressure and 
weight of the piston being included : if P is the total internal 
pressure on the piston and F the friction, we have 
p = whence P = The melting-points in 

centigrade degrees thus found are the following : — 


Pressure in 
atmospheres. 

Spermaceti. 

Wax. 

Stearine. 

Sulphur. 

1 


647 

67*2 

107*2 

S 38-4 

6o*o 

74-7 

68.3 

135-3 

820*5 

803 

8 o *3 

73-9 

140*6 


According to these numbers the mdting-point of wax is given 
by the formula e = 64-68 + o.oi88/>: so ample a formula wiU 
not express the numbers found for the other substances. The 
difference between the result here found for spermaceti ^d 
that obtained by Professor Bunsen is due no doubt ter differ- 
ence in the specimens experimented on. 


APPLICATION TO THE TEMPERATURES OF VAPORIZATION. 

81 . Maximum tension. M. Regnaulf has experiment- 
ally determined the maximum tension at different temperatures 
» Mem, di PIntt. xxw. (1863) 679. 
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of several vapours, and the results conform very exactly to the 
law represented by (2) ; the annexed table gives the constants 
as calculated by Professor Rankine^ only so far altered that 
f may be expressed in c. g. s. atmospheres, t being measured 
from — 274°c. 


Vapour. 

1 

c 

a < 

log 6 

logc 

Range of 
Centigrade 
temperatures. 

Range of 
pressures in 
centimetres of 
mercury at Paris. 

Water 

« 

4-93934 

3.1811430 

S-o88i857 

-30 to +230 

0-035 to 2094-5 

Ether 

4-35343 

3.0596504 

4-7065130 

+ 40.5 to + 99 

76-2 4 « 4-7 

Carbon bisulphide 

4*02403 

3.0520049 

4-7078426 



Chloroform 

3-93253 

2.4007279 

5-3919420 

+ 70. 



92 . Latent heat: total heat. In determining the latent 
heats of vapours M. Regnault found it more convenient to 
measure first the heat fr required to raise unit-mass of a liquid 
from a standard temperature (which he took as o®c.) under 
constant pressure to another temperature B and there vaporize 
it, the constant pressure being the maximum tension of the 
vapour at 6 : this he called the total heat of the saturated vapour 
— a not altogether satisfactory name; for if s^ is the specific 
volume of the liquid at the standard temperature and under the 
given pressure, external work will be done by the 

liquid ^in expanding and /*(/— j) during vaporization, or 
/(/— in all, so that the actual heat put jnto the body is 

= (19) 

and iHo this quantity is added (algebraically) that amount of 
heat which is required to raise the pressure at the constant 
standard tempemture from a standard pressure (such as one 

atmosphere) to / viz. L^df we shall obtain a quantity that 

will exactly denote the actual excess of heat in the body when 
vaporized over what it contains in the standard state, and this 

* B, A, Rep, (1854) ii. 58, or'PAtf. Mag, [4] viii. (1854) 630 » 
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should properly be called the total heat of the vapour. This 
integral is however inappreciable for all liquids, so that may 
be taken as the real total heat. M. Regnault's results are 
summed up in the formula 

if = 

the constants of which are given in the following table : — 


Vapour. 

a. 

h. 


Water 

25200 

12.673 


Ether 

3905 

18.698 j 

0.02308 

Carbon bisulphide 

3740 

6067 

0*01713 

Chloroform 

2784 

5*7^3 



Now JC being the specific heat at constant pressure of a 

liquid, f is absorbed during the heating from o® to (f c., 
Jq 


whence 




KdQ. 


(20) 


M. Regnault has shewn that K varies inappreciably with the 
pressure and may be expressed by 

where a,, are constants which for particular liquids are given 
in the table below. We have therefore 

KdS—a^B->r\K(^. 


j: 


Liquid. 


h * 

Water 

41*550 

0*00914 

Ether 

21*980 

0*02467 

Carbon bisulphide 

9-774 

000677 

Chloroform 

9654 

0.00422 
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From these tables we can by equation (20) at once £nd 
A ac 1^— 

the constants being thus tabulated 


Vapour. 


h. 

B| 

Water 

35300 

28*877 

-0.00457 

Ether 

3905 

3*282 

•4*0^01079 

Carbon bisulphide 

3740 

3707 

+0*01374 

Chloroform 

3784 

3941 

— 0*00211 


93. Table for water. Steam being the most important of 
all vapours, we have calculated the following table: % was 
found from (4) in which the values of K and L given in § 76 
were used ; it is expressed very well by the formula 

470 

8 = 4 1 -958 +0-0047 f — —f ' 

ds 

g' was calculated by (8), u and / by (9), A' by (3) : f-^^ which 

occurs in (14) and (15), was not calculateci as its value is only 
0*013 at 200^ c. and may therefore be neglected. 

The first two columns are temperatures and thus numbers 
(absolute temperature being the reciprocal of a ratio) ; columns 
3-6 ai;e pressures and are measured in c.g.s. atmospheres, t\e. 
in megadynes per square centimetre; columns 6-12 represent 
quantities of heat expressed in megalergs; column 13 contains 
^e ratios of similar magnitudes and thus numbers; columns 
14-16* represent volumes measured in cubic centimetres. 
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94 . Critioal temperature. Examination of the numbers 
in column 9 shews that the real latent heat of steam may be 
very well expressed by the formula 

A'= 23924-33.2(9; 

thus tliminishes as the temperature rises and is zero when 
0 = 720-6° c. or / — 994-3. .Hence above this temperature 
there is no differe^nce between water in the .liquid and the 
•vapour forms, or 7 20-6° c. is for water what Dr. Andrews calls 
the critical temperature. 

The formulae for other substances lead to a similar theoretical 
determination of their critical temperatures, but these as a rule 
lie so far beyond the limits within which the formulae have 
been justified that the results cannot be relied on; the cal- 
culated temperatures however agree very well with those ex- 
perimentally determined. To MM. de la Tour^ Drion®,' 
Andrews®, and Avenarius^ do we owe direct determina- 
tions : the last enclosed the liquid in greater or less quantities 
in hermetically-sealed glass tubes, and in all cases (even 
though the different masses used caused the pressures to be 
very different) it was found that over a certain temperature 
fixed for each substance there is no distinction between the 
liquid and vapour states, so that pressure alone will not cause 
a gas to liquefy — if, following Dr. Andrews, we reserve the 
term gas for a substance in the third state of aggregation and 
above the critical temperature, using the word vapour when 
the temperature is below this. Hr. Avenariujs thus finds 
292-5°, 276-1°, 246-1° c. as the critical temperatures for carbon 
tetrachloride, carbon bisulphide, ancf acetone respectively, while 
the temperatures calculated from M. Regnault’s formulae are 
346, 333* 272- 

95 . Speoiflotheat of saturated vapour: temperature 
of inversion. The values of / given in column 1 1 of the 
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preceding table are summed up exceedingly well in the 
formula 

/ = 36 -52^, 

thus is zero when t = 789*8 or at the temperature 516*1® c., 
being positive for all higher and negative for all lower, and 
thus all ordinary, temperatures. This fact was discovered al- 
most simultaneously by Professors Rankle ^ and Clausius*^ 
in 1850. The interpretation of the negative sign is that in 
order to keep saturated a dry vapour which is rising both in 
temperature and pressure we must withdraw heat, otl^erwise the 
vapour will become superheated: thus if the vapour expands 
so that its pressure diminishes we must communicate heat in 
order to keep it saturated, otherwise part of the vapour will 
condense to supply the requisite heat, and this is the case with 
steam for all temperatures below 516*1° c., which is called the 
temperature of inversion , above this temperature compression 
will cause condensation and expansion vaporization. 

M. Him® gave an experimental demonstration in 1862 of 
the condensation accompanying a sudden adiabatic expansion 
of dry saturated steam, and thus proved the negative sign of »' 
at low temperatures : he allowed steam to pass gently from a 
boiler, where it was generated under 5 atmospheres pressure, 
through a copper cylinder, 200 c. long and 15 c. in diameter, 
the ends of which were closed by plates of glass, until all air 
and condensed water had been driven out and the sides had 
jittained the temperature of the steam ; the exit-stopcock of the 
cylinder was then shut, •and, the cylinder being full of dry 
saturated steam, the connection with the boiler was cut off and 
the exit-stopcock suddenly opened; the pressure at once fell, 
and the cylinder, which had previously appeared perfectly 
transparent to an observer looking along its axis, became 
perfectly opaque from the formation of a cloud; this cloud 


1 Trans, R. S, E. xx. (1850) 171. 

* Pogg. Ann, Ixxix. (1850) 391, trans. Pktl. Mag, W ^ 

* BiMein de la Soc, industr, de Mulhouse, cxxxm. (1862) 129 , Cosmo 

(1863) 413. 
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however soon disappeared, heat being supplied by the vessel 
as it cooled from ig2°c. (the temperature of saturated steam 
under 5 ordinary atmospheres) to ioo®c. (the temperature under 
I atmosphere). 

M. Cazin^ improved this apparatus by connecting the cy- 
linder with another in which a piston was moveable, and placing 
the whole in an oil-bath the temperature of which could be 
varied at will : satura^d vapour in the one could then be allowed 
t6 sud£^.enly expand into the other, or when filling both could 
be suddenly compressed by the motion of the piston. A cloud 
was always formed when steam expanded but never on its 
compression, and with carbon bisulphide the same occurred; 
on the contrary, as noticed earlier by M. Him, ether vapour 
never condensed during expansion but always on compression, 
shewing that its temperature of inversion is below ordinary 
temperatures; further, the temperature of inversion appeared 
to be between 125® and i29®c. for chloroform, and for benzine 
between 115® and i3o®c. These results are in keeping with 
theory, M. Regnault’s formulae giving 790-2°, — 113®, 123*5®, 

. 100® c. for the temperatures of inversion of carbon bisulphide, 
ether, chloroform, and benzine respectively. 

96 . Adiabatic expansion. In the above experiments the 
vapours expanded nearly adiabatically; it may therefore be well 
by a single example to illustrate the general action. 

A mixture at 150° c., half water and half steam^ is enclosed 
in a non-conducting cylinder and then allowed to expand by pressing 
out a piston ; what happens ? 

For water both «r and | increase With / and therefore (^)^ 

is always negative; hence (|~)^ is of opposite sign to (^)^» 

and vaporization br condensation accompany expansion ac- 
cording as 0^0^ 

1 m 

0 

is positive or negative. In the given case this binomial is 
* C. Jt. Ixu. (1866) 58. 
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1*840 

I = +0*075, and vaporization at first occurs, but con- 

2 

tinues only till the binomial becomes zero, or 


Now initially 

X r4a3‘7 g 

»*o“P-6. 7^=49010, / -<*=18-432, 

/o J 273-7 

so that by (18) 

^ + f 7<*= (o-5X490*o)-h8-432 

/ J 273-7 ‘ 

= 42-937. 

or, on substitution of the above value of 

7 + r 7^' ~ 42937- 

S — S / J273-7 f 


The table in § 93 gives 42 897 and 43-607 for the values of this 
sum at 120° and 130^0., between which temperatures therefore 
6 lies; and, as the difference 43*607 —42*897 = 0.710 corre- 
sponds to an increase of 10 degrees, the difference 
42.937—42*897 = 0040 

corresponds to o*6 degree, whence 0 = i20*6°c. Further, the 
8 — s' 

value of at this temperature is 

s 

1*994 -^(i-994-I'943) = ^'99^» 

and. « therefore becomes = ® also the specific 

volume mu+s, which waS initially 

(o-6X382-i2)-1-io 9 = 192-13 c-c., 

becomes (0-3023 x 853-6»)-l- = 430-83 c-c- ; 

and the work that has been done during the expansion per 


gram of the mixture is 


191-06 X 49-3670— 429-77 X 23-2607 

+ i (42-860 + 42.629) X (130- 120- 
by (ifiT. if the mean value of s between 


6) = 730-2 megalergs 
150" and 1 20-6® c. is 


used in the integral. 

N 2 



i8o 
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As the expansion goes on the temperature will still fall, but 
vapour will be continuously condensed/ and the mixture will 
again become half water half steam when again 

1 A 

-7 + / 7^/= 42-937- 

2 t J273.7 t 

Now at 100° and 90° c. this sum is 42-870 and 42-946 re- 
spectively, so that the required temperature is^9i-3°c. ; the 
specific volume also becomes (0*5 x 2213*6)+ 1-04 = 1108 c.c., 
and the external work is increased by 


429-77 X 23-2607 — 1108 X 9*4057 

+ 4(42-629 + 42-377)x(i2o- 6— 91-3) = 820-6 megalergs. 
97. Density of saturated vapour. It was formerly as- 
sumed, for want of experimental data, that vapours conform 
to the gaseous laws even up to their points of saturation : thus 
the theoretical density of steam (HgO) under one megadyne^ 
pressure at 0° c. (if it could so exist) being 

i {(2 xo-oooo88^) + 0-0014107} = 0-0007937 
grams per cubic centimetre by M. Gay Lussac’s law, since 
0-0000884, 0-00 1 4 107 are the densities of hydrogen and oxygen 
respectively under the same circumstances — which agrees very 
well with M. Regnault’s experimental value 0-623 for its 
density in a superheated state relative to air, or in the above 
hypothetical state 0-623 X 0-00127592 = 0-0007949 g. per c.c. — 
the specific volume of steam was calculated from the formula 


po 

~T ' 


= 4*603, 


273*7 0-0007937 

which was extended even to the state of saturation, so that 

^ = 4603. (21) 

Hr. Clausius fir^st shewed' that grave error was introduced by 
this assumption, and, having deduced the values of / for steam 
at different temperatures by the method we have followed, gave 
the empirical formula , J 


' Ann. Ixxiz. (1850) 520, trans. PAi/. Mag. [4] ii. (1851) ii6. 
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for the density p' of saturated steam at temperature c. relative 
to air, bf c being constants ; as the density of air at c. and 

under the pressure /megadynes is absolute 

1+0-00367 0’ 

density p of saturated steam is given by 
I _ af 

where the constants, expressed in our unifs, are 

a = 6*2899, h = 30-087, c = 10072, d = 272*?8. 

Hr. Zeuner has suggested the formula^ 

p = (23) 

as at once more simple and exact, and it represents the re- 
ciprocals of the numbers we have given in column 14 of the 
table in § 93 extremely well if the constants are a = 0-000597, 
/3 = 0*942. This gives 

/^/ = y, (24) 

where y is a constant, which in the case of steam is 1675. 

Or again, since j is in general very small compared with /, 
equation (3) may be written 

// = A~A', (25) 

or in the case of steam 

//= 1276 + 4-3236—0004576®. 

In i860 Sir W. Fairbairn and Mr. Tate® made direct ex- 
periments on the density of saturated steam by means of the 
saturation-gauge of the latter. This in its 
theoretical form consists of two globes A and 
B void of air but containing some liquid and 
its vapour, and connected by a bent tube con- 
taining mercury; if A contains less liquid than 
B, and the whole is placed in a bath the tem- 
perature of which is continuously raised, the 
level of the mercury in the tube will remain "unchanged until all 
the liquid in A is vaporized ; further heating will then superheat 
the vapour in A, and the mercury will rise at a^ as at the s^e 
temperature the rate of increase of pressure is greater for 

* Grundzuge der mechanischen Wdrnutheorie, 2*® Auflage (1877), 266. 

® Phil Trans, cl. (i860) 185 ; dii. (1862) 591. 
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saturated than for superheated vapours. If then we know the 
mass of liquid introduced into and we note the volume 
occupied by its vapour and the temperature when the mercury 
at a begins to rise, we can determine by division the corre- 
sponding density. By using a bath of the vapour experimented 
upon there cah be no danger of bursting the globes, as the 
pressures will be the same M^thin and without so long as 
saturation continues. ^ 

The^' actual apparatus used is represented in the figure: a 
Torricellian vacuum was made in the globe A and a small glass 
globule a enserted, the globule having previously been filled 
with warm water and allowed to cool with 
dipping in mercury, so that it was 
safely closed without any explosion being 
necessary, as in M. Gay Lussac's method: 
B the globe was heated in a water-bath B 

provided with a manometer and a safety 
^ W j valve, and the lower part of the stem was 

tens I heated as nearly as possible to the same 

™ temperature in an oil-bath standing on a 
sand-bath, the mercury levels being ob- 
Ewfe: served by a cathetometer. The vapour was 

always first superheated so as to overcome 
^ the force of cohesion between the water and 
^ the glass, and this force did not again come 
Fig. into play until the glass was again wetted by 

the vapour becoming saturated. The ex- 
periments ranged from 58*2® to 1^*7° c., and led jto the 
formula , , h 

, = « + (36) 

where the constant's (expressed in our units) are 

a = 25-62, h = 1677-61, c = 002440 : 

from this we deduce p == a > (27) 

where a = 0-039032, ^ = 2-556, y = 65-505. 

Dr. Herwig^ has lately made elaborate experiments on the 
^ Pogg, Ann, cxxxvii. (1869) 19, 592 ; cxli, (1870) 83. 
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behaviour of vapours with regard to the gaseous laws, and 
arrives at the curious conclusipn that if P, V represent the 
pressure and specific volume of a vapour at temperature i in the 
perfect state and f s its pressure and specific volume at the 
same temperature when saturated, then in all cases 
PF 

0*0595 v 7 , (28) 

whence, if / is the density of the vapour in the perfect stqfe 
relative to air, 

//= _ 48-28 

00596 pV/ P' 

A 48*28 ^ ^ 

= {29) 


77 “ p' 

The substances experimented on were alcohol, chloroform, 
carbon bisulphide, ether, ethyl bromide, and water: for the 

f/ 

latter p' = 0-623, so that = 77*49. 

v/ 

The apparatus used consisted of a graduated glass cylinder 
A connected with a wider one B 
which communicated with a ma- 
nometer C through a drying tube 
D ; a branch tube B led to an air- 
pump when required. Precautions 
were taken to exclude damp from 
A by using warm mercury in fill- 
ing it initially : the small amount 
of air also that entered, when a 
glass ^obule containing the liquid 
was introduced was carefully de- 
termined by varying the pressure and temperature before ex- 
ploding the globule. The range of temperatures was not great ; 
in the case of water they varied only from 40° to 95° c. 

Hr. He,rwig arrived also at another curious result. M. Reg- 
nault^ found an apparent exception to the lawy*= P(/) in the 
case of ether-vapour if air be present in any quantity, and 
^ iU rinsi, xxvi. (1862) 679. 
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Hr. Her wig shewed that when condensation begins, even in the 
absence of air, the manometer indicates a less tension than 
is given by M. Regnault's formula, and that as the volume 
is lessened condensation continues, the pressure gradually in- 
creasing up to M. Regnault’s maximum; he explains it 'by 
the assumption of a force of adhesion acting strongly between 
the walls of the apparatus (jf. both the glass and the mercury) 
on the one hand and*the ether on the other, by means of which 
in pas^ng from a highly superheated state to a smaller volume 
the vapour begins to condense before reaching the volume that 
would correspond to purely saturated vapour were no such 
force existing : on the contrary, at a very great distance from 
the ideal limits of saturation up to the superheated state such 
an influence can no longer be assumed.’ 

If y/ is calculated from the equation (28), the maximum 
tension as determined by M. Regnault being then substituted 
for f a value of / is obtained which is exactly the volume which 
the vapour is observed to occupy just before condensation 
begins : whence the real tension of the vapour is most probably 
constant throughout the condensation, and the force of adhesion 
that acts at any moment is equal to the difference between the 
maximum and the indicated tensions. 

The same action occurs with water and with ethyl bromide, 
being also slightly traceable in carbon bisulphide. 

M. Hirn^ has experimented on superheated steam, and 
Hr. Ritter® shews that his results can be summed up in the 
formula (suggested by certain theoretical considerations) 



where R = 4-653, S = 1043800. 

This also represent^ the numbers of § 93 much better than any 
of the foregoing formulae, as is shewn by the subjoined table 
wherein the specific volumes of saturated steam, calculated by 
the different methods, are compared : it may therefore be taken 
as the characteristic equation of steam. 

* Thiorie mecanique de la Chaleur, 3^®® ^d. (1875) ii. 

* Pogg, Ann. [2] iii. (1878) 447. 
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Formula 


Fairbaim 
and Tate’s 
(26). 


97>9 

19695 

19656 

19684 

17183 

18743 

19604 

774®-9 

7605-2 

7685.3 

7655-7 

7528-7 

7133-8 

7640-3 

344*-5 

3354'7 

3437-J 

3364-5 

3373-2 

3081.5 

3368-8 

i697'I 

1638.2 

' 1653-9 

1640*6 

i6i6*2 

/477-9 

1644-7 

9ii-i8 

869-75 

876-44 

869-43 

833-29 

773-08 

873-^2 

525-41 

483-71 

49802 

494.40 

459-78 

434-87 

497-8; 


APPLICATION TO THE TEMPERATURES OF SUBLIMATION. 

98 . Sublimation. Experimental data are entirely wanting 
with regard to the direct transformation into vapour of a solid 
substance : were these at hand, we might apply to them all the 
above formulae. 

The pressure of saturated steam in contact with ice between 
and — 32°c. has certainly been measured by M. Regnault, 
who has expressed his results by the formula 

where a = 0*0001072, h = 0-006255, o = i-o8o. 


THERMAL LINES OF THE SATURATED CONDITIONS. 

99. Thermal lines. The mthermals are obviously iso- 
piestics, since the pressure, is a function of the temperature 
only, and their length is now for vapours in contact 

with their liquid s increases while / diminishes as tha tem- 
perature rises, and therefore this length must^vanish at some 
temperature — the critical temperature — corresponding to a 
pressure above which there is no distinction between the liquid 
and vapour states, as shewn in § 94. We have no data for the 
other states of saturation and cannot therefore draw any ^further 
conclusion, though § 89 seems to shew that at -i22-8°c. and 
under at least 16632 atmospheres pressure there is no difference 
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between the solid and liquid forms of water. The external 
work that is done in passing along an isothermal is 

^ fdv =/(»,-»,) =/a («,-«,). 

The isenergics (or tsodynamics) are, by (15), given by 

ip-s) +.J^ {t-/j^)d/= const, 

wh^ein j, /, 0 muiil^ll be expressed in terms of /. As we only 
know the relations between these quantities empirically in a few 
cases and under limited conditions, we cannot find a general 
expression for all substances : but examination of the values of 
this function as deduced from the table in § 93 has led Hr. 
Zeuner^ to the conclusion that the isenergics, at least for 
steam in contact with water, are given by 
fv”^ = const, 

the value of n for water being 10456. The isenergics must be 
limited by the curves that, bound the portion of the diagram 
which correspond to the saturated state: their prolongations 
over these lines represent the intrinsic energy of the body as a 
superheated vapour or as a vapourless liquid. 

These bounding curves may be called by the names given to 
their water-types by Professor Mj^xwell; viz. (i) the ice line 
separating the solid from the liquid state, (2) the steam line 
separating the liquid from the gaseous state, (3) the hoarfrost 
line separating the gaseous from the solid state. Theory does 
not indicate the form of these lines, but we gather from (23) 
that the steam line for water at least is given by 
y’z;*' = const., 

V being 1*0616 for water. 

The curves representing the states wherein m is constant — 
called by Hr. Zeuner the lines of constant vapour-mass for one 
species of saturation — are, by (13), given by 
[* t \ 

<!> + I -j dt-^m - = const. ; 

Jt^ t * 

' Grundz\Sigt p. 306. 
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these are more or less similar to the last-mentioned lines which 
are their limiting cases. 

The isentropics or adiahatics are by (13) 




as in § 88 . Professor Ran kin e has attempted to express 
them m the form 3^ const 


where fA is a constant ; but Hr. Zeuner sWfews that /x is a func- 
tion of m. It is easy to see that for such 


vapours as steam which condense on adia- 
batic expansion the isentropics cut the 
steam line iS* as in i, since as the volume 
increases the vapour changes from the 
superheated to the saturated state, and 
that for vapours like ether, which behave 
in the reverse manner, the isentropics cut 



Fig. 46. 


as in 2. 


Chapters VI and VII in Professor Maxwell's ‘Theory of 
Heat ' should be studied on the subjects of this article. 

100. Triple point. We are led to very interesting results 
if we consider the projections of the real ice, steam, and hoar- 
frost lines of water- substance on the plane of pt. Hr. Kirch- 
hoff^ shewed in 1858 that these projections of the steam and 
hoar-frost lines are not continuous, as M. Regnault thought, 
but intersect at an angle which is re-enfrant downwards. The 
assunaption being made that there is some temperature at 
which both ice and water <;an exist together and at which the 
steam formed over ice is exactly identical in condition with 
that formed over water — this temperature being about 0^0074® 
c., as the pressure will be only about o'Oo6i4 instead of i at- 
mosphere — it follows that, when unit-mass office at this tem- 
perature is directly transformed into vapour, its intrinsic energy 
is increased by exactly the same amount as if the transformation 
were first into the liquid and then into the vapour state. Now 
during vaporization at temperature /q from the solid state, the 


' Pogg. Ann, ciii. (1858) 206. 
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increase of intrinsic energy is ^‘^/o) by (9), the ac- 

cents denoting the process of sublimation ; but during the lique- 
faction the increase of intrinsic energy is Aq— if is 
the latent heat of fusion at the same pressure and u^' the 
change of volume, and during the subsequent vaporization the 
increase of intrinsic energy is «o(®o^o""yo) \ hence 

«o'K'^o-/o) = ^o-/o»o" + «o(wo/o-/o) : 

but is equal to* 3,nd it may be taken equal to as 
«/'^s less than its 200,000*11 part; thus the equation becomes 



Here /<, = 273*7 sensibly, A^ = 3361*6 (see § 89), = 209905 

(see table, § 93); whence w/— W q = 0*0000585. Hr. Kirch- 
hoff remarks; — ‘This difference is too small to be safely in- 
ferred from Regnault’s experiments. It is interesting how- 
ever to remark that a diflFerence of the same sign and order of 
magnitude as the theory requires is furnished by the numbers 
which Regnault gives as the results of his experiments/ For 
the empirical formulae give = 0*000482, -bTo = 0*000439, 
whence = 0*000043. The lines therefore cut each 

other, and “the angle of intersection is re-entrant downwards 
as tsr^ < isr/. 

Professor James Thomson' has pointed out that the ice line 

must also pass through 
this point P, which he 
therefore calls the triple 
point: thus in the dia- 
gram, which is of course 
not drawn to scale, PC 
may be taken as the 
steam line which ends at 
the critical point C, PA 
Fig. 47. as the hoar-frost line, PB 

as the ice line, the length 
OE representing i atmosphere. Following Sir W. Thomson’s 

* JB. A, Rep, (1871) ii. 30; (1872.) ii. 24; Proc, R, S. xxii. (1873) 27. 
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suggestion he has further applied equation (9) in the form 



“o^'o 


with our former notation and considering as before 
Now at o®c. A, = 25200 (see § 93), and 

V = + 25200 = 28561%, 

being equal to the sum of the heat required to melt and Then 
“or ^ 

vaporize the ice: thus = 1-133, M. Regnault’s empirical 

formulae giving the ratio i io. Hence a new proof of Hr. 
Kirchhoff's theorem. 

Joining together these two theoretical results 

= 0.0000585, — = IT 33, 

we find = 0*000498, = 0-000440, 

which are nearly the values given by experiment. 

This reasoning applies to substances in general. A full and 
interesting discussion of the form and sections of the character* 
istic surface representing the different states of water has lately 
been made by Hr. Ritter*: a general representation of the 
properties of a substance by means of a surface, the coordinates 
of which are the volume, entropy, and intrinsic energy of the 
body, has been given by Professor Gibbs®, and should be 
studied in Professor Maxwell's * Theory of Heat,' p. 19^. 

* Pogg. Ann, [2] ii. (1877) 273, trans. Phil, Mag. [5] v. (1878) 202. 

* Trans, Acad, (^Sciences of Connecticut^ ii. (1871) 309. 
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On the Flow of Fluids. 

ICI. General formula. In 1856 Sir W. Thomson and 
Dr. Joule ^ extended the reasoning of the former, which has 
been gij^en in § 71, to the case in which fluids issue from an 
orifice with a sensible velocity. If the mean velocity of unit- 
mass of the fluid is changed from at the section where the 
pressure is to v at the section where the pressure is kinetic 
energy V) has been imparted to it; and if moreover it 
has had to rise or fall through a height h in reaching the 
position where its velocity is v, energy equal to ± gh (where 
g is the acceleration of gravity) has been absorbed in the pro- 
cess: thus equation (3), § 71, becomes more generally, if //' is 
the energy turned into heat by means of friction, 

E-E^ = ^ gh-ff', 

or \{i^-v*) = {E^-E) + {f^v^-pv)+{ff-ff ^~2 + gA. (i) 

Now the energy that is turned into heat by friction is always 
.very small per unit-mass of fluid that escapes, so that If may 
be neglected : also 2 is either zero or very small, and as a rule 
the efiBux occurs approximately adiabatically, so that H is. also 
zero : hence the equation becomes 

(2) 

the last term being* comparatively negligible in the case of 
gases, but not in the case of liquids. We may further sub- 
stitute the value of given in (25), § 57, and obtain 

* Proc. R. S, viii. (1856) 178. 
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102 . Incompressible fluids. Looking upon liquids as 
incompressible, so that = o, and remembering that there 
will be no change of temperature if no compression is effected 
and no heat added, or that dt = o, we see that the equation 
becomes in this case 

i K - "«*) = (A-/) % T gh, (4) 

the upper or lower sign of the last term being taken according 
as the liquid rise® or falls to the position wheie its velocity is v : 
if then there is no initial velocity we have 

7 = (^o-/)»o+^' 4 . (5) 

which is M. Bernoulli’s formula for tlie velodty of efflux oftiquids. 

103 . Compressible fluids. We shall consider a perfect 
gas as a type of compressible liquids, and examine two cases. 

(1) Efflux at constant temperature. In this case 

if = 

JvQ r *''0 

hence, if H is the heat added to maintain this constancy of 
temperature and if the initial velocity of the gas is zero, 

Supposing that no heat is required to keep the temperature 
constant or /T = o, we obtain M. Navier’s formula which was 
deduced from the improbable hypothesis of parallel sections. 

(2) Efflttx vnthout receiving or losing heat. In this case, 

pig = /(,»,■', ■£■(,—•£ = by (53), § 63, 

hence equation (2) becomes, if the initial velocity is zero. 



( 7 ) 
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by (62) and (64), § 63. The second formula in (7) was first 
deduced in another way by Hr. Weisbach^ jin 1855. 

If so much friction is caused against the orifice or walls of 
the containing tube or vessel that It cannot be neglected, / will 
be greater and therefore u smaller than in the other case. The 
variation in the velocity of efflux with the form of the ajutage 
is due to the variation in the frictional effects by reason of the 
variation of the form and dimensions of the vefia contracta. 

The velocity increases as p diminishes in comparison with 
^0, but the formula gives 


as the limiting velocity which cannot be surpassed. 

104 . Saturated fluids. Substituting for E—E^ from (14), 

§ 86, we get from equation (2), if the initial velocity is zero 
and the fluid remains always saturated, ' 

\ = (/o»o-»-»» (^-/«) + (^0-/0 «o) (*) 

with the further equation of condition 


m\ 




(9) 


by (18), § 88. 

If. we consider the efflux of saturated vapour only, consider- 
ing it to remain saturated, so that = i, v^ = r/, we have 


7 = K+A^o-/v-m{\-/u) -jf' (s-/^) df. 

t A / 

c 

if condensation occurs during the efflux, and 

/ /, A / 


(10) 


(11) 


^ IngMiiur- und Masehintnmtchmuk, 3^^ Aufl. i. 821 
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if no cbndensation occurs. In the latter case we obtain the 
more simple equation 

7 = (12) 

by (20), § 92, if ^ denote the total heat of the vapour in its 

initial and final states, and ^ being neglected by 

reason of their smallness and s being replaced by its approxi-a 
mate value AT, 

For all known liquids fj increases with / and the temperature* 
diminishes during adiabatic expansion: hence bo ““6 ^ ^ posi- 
tive quantity, and (12) contains no contradiction. Still the 
issuing jet enlarges rapidly beyond the contracted vein, and 
consequently its velocity diminishes equally rapidly from the 
same section; hence v becomes negligible before the vapour 
mixes with the air, and thus, bo“"b being neither zero nor 
negative, the hypothesis of the persistence of saturation is un- 
true: and, further, there cannot be condensation, since, m 
being a fraction, the right-hand expression of (10) is greater 
than that of (ii) which we have just shewn is itself too great. 
Hence at a short distance from the orifice the issuing vapour 
must be superheated and dry, though close to the orifice where 
V is great it is saturated and partly condensed — the superheating 
and re-vaporization of the condensed droplets being due to the 
friction of the particles among each other and the transforma- 
tion into heat of their energy of motion. This is, Sir W. 
Thomson's^ explanation of the well-known facts that, while 
the hand is scalded if placed close to an orifice from which 
high-pressure steam is escaping, it experiences only a pkasant 
sensation of warmth if held a little distance off in the jet, and 
that if the energy of motion has been utilized in actual work — as 
in driving the piston of a steam-engine — ^the steam afterwards 
issues saturated and therefore scalds. This explanation was 

« 

' PAi 7 . Mag. [3] xxxvii. (1850) 386: see also Clausius’ memoir, 

Arm, Ixxxii. (1851) 263, trans. Phil, Mag, [4] i. (1851) 398, and the notes 
Phil, Mag. [4] i. (1851) 474, ii. (1851) 139. 273* 

O 
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given afresh a little later by Hr. Clausius, who had misunder- 
stood Professor Thomson's expression ‘fluid friction.' 

The temperature of the vapour /' before mixing with the air 
may thus be approximately determined. •We may suppose 
that the vapour expands, always remaining saturated and dry, 
till its tension becomes equal to the external pressure, its 
temperature falling from to / corresponding to this last 
pressure and its Velocity becoming v, and diat its kinetic 
*energ9 is then immediately and totally transformed into heat, 
bringing it at constant pressure into the superheated and dry 
state at temperature /' with no velocity of motion. K' being 

its specific heat in the superheated state, J K'dt is the heat 

absorbed in this superheating, and therefore from (12) 

= J^dt. (13) 

In the case of steam ^ = 0-4805 x 41-56 = 19*965, 
and i; = 25200+12-673^; 

hence taking 6 ^^, $, as the temperatures centigrade corre- 
sponding to /, we have 

i2-673(tf,-fl) = 19-965 

or er- 0 ^^^{ 0 ,-e). 


Thus, if the steam is generated at i5o°c. where the pressure 
is 4-7761 atmospheres and escapes into the open air where the 
pressure is 1-0136 atmospheres, so that 6= ioo®c., we find 

= 100 + —(150— 100) = 132° c. 

If the issuing fluid consists of liquid only — as when the 
orifice is below the surface of the liquid — ^then = o, 

and equations (8) and (9) become 




On the Flow of Fluids. 195 

the upper or lower sign of the ambiguous term being taken 
according as the liquid is forced upwards or downwards. 

In the case of water very little is vaporized and therefore m 
may be taken as zero or o=x; the temperature is further 
unchanged (as shewn by the second of the equations) so that 
s = and therefore 

~ — (fo'^f) ^0 + (* 5 ) 

the formula we obtained in § 102. 


o 3 



CHAPTER X. 


Heat-Engines. 


WE^ihall briefly discuss certain heat-engines and their theory, 
and refer the student for a complete account of them to Pro- 
fessor Rankine's 'Manual of the Steam-Engine and other 
Prime Movers/ 

105 . M. Carnot’s engine. We have described this fully 
in § 36 *• we will now merely find the changes of volume during 
the operations on the supposition that the working substance is 
a perfect gas. Denoting A (fig. B by p, v, C by 

ffy 7/^ D by /o, the isothermals BC^ AD being for the tem- 
peratures /, /q respectively, we have by ( 6 a), § 63 , since AB, CD 
'^dre adiabatics, 

•I It— 1 4 if It— 1 

/*'n\ * M ^ tw. 


C) 


= ^ 


and therefore 


or *- = 


if 




(I) 


and therefore also 


( 2 ) 


or t^L 

* P Po A Po 

Further the areas BAahB, CDdcC are equal, being each 

equal to ““(/— 0 ^7 (^4)» § ^3- ^'so the area BCcdB, 

which represents the heat ff given by the boiler — since the 
isenergics and isdthermals of a perfect gas coincide — ^is 

^/log.^; 

similarly the heat A given oat to the refrigerator is 
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:l-4 


whence the efficiency is 

t , V • 

log,- 

by the above relation, as we should expect. 

106 . Engines of maximum efOlcienby. If /, /o are the 
highest and lowest temperatures betweeii which an engine 
works, the maximum efficiency attainable by the engine is 

j as shewn in § 41, and it can only be obtained if heat is 


taken in only at / and given out only at as in M.*Carnot's 
engine. But with air as the working substance this engine is 
really impracticable by reason of the enormous cylinders that 
would be required, since the rise in temperature from to / 
would have to be obtained entirely by compression and the fall 
from / to entirely by expansion : there are however an infinite 
number of other engines possible which possess maximum 
efficiency when they work under the following conditions, whi^ 
are equivalent to M. Carnot's: — (i) that heat is taken in from 
and given out to external bodies only at two fixed temperatures, 
(2) that in the passage of the working substance from a higher 
temperature to a lower during any stroke all the heat is given 
out that is necessary to bring the substance from the lower 
temperature to* the higher in the next stroke, being in the mean- 
time stored up within the engine itself. Thus, if the cycle 
performed is. ABCDA, where AD, 

BC are the isothermals, corre- 
sponding to the extreme temper- 
atures at which alone the working 
substance is in communication 
with the exterior, and if in pass- 
ing from C' to e the substance 
emits as much heat as it absorbs 
in passing from P to P^, PQ, P^(^ 
being any pair of isothermals, the 
engine will have maximum efficiency. The part of the engine 
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wherein heat is stored between successive strokes of the piston 
is called the economizer or regenerator^ and its invention is due 
to Dr. Stirling: in its latest form it consists of a chamber 
containing thin plates of metsd or other solid conductors or 
a network of wires ; these become heated as they cool the fluid 
passing through themj and restore the heat when the cooled 
fluid repasses in the contrary direction. Practically this process 
is not perfect, tas he^t is lost by conduction, &c. \ but the waste 
can bgi. reduced below five per cent, of the heat alternately 
abstracted from and restored to the fluid. 


We can easily determine the relation between the curves AB 
and CD s 6 that ABCDA shall be a cycle of maximum efficiency. 
If the equation of AB be p=:F(v\ we may eliminate v between 
this and the characteristic equation of the working substance of 
the engine /{p, v,i)=:o and express the result as 

P - x(0. (3) 

and corresponding to CD we shall get a similar equation 

^ Now if BQ, JP'^ are consecutive isothermals, unit-mass of 
the substance will absorb Bdi+Ldp heat in passing.from Pto 
y and give out Kdt^rL'dp^ in passing from Xo Q; these 
quantities are to be equal, and we therefore have, by (8), § 53, 




For working substance we may use a perfect gas, for Which 
pv = Riy and the equation becomes 
dp d/ 

whence p = cp\ (4) 

c being a constant; and this is the relation that must subsist 
between the pressures at the points Py Q where the paths AB, 
CD cut any isothermal. Professor Rankine calls two such 
lines as AB, CD isodiahatic to each other. 

107 . Dr. Stirling’s engine. In this case (3) is / = at, 
where a is a constant, so that if air is used in the engine 
V = const, is the equation to the lines AB, CD, or they are 
isometrics. The air thus (i) is raised in the regenerator from 
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/q to / at constant volume, (2) expands at this constant temper- 
ature on receiving heat from the furnace, (3) is cooled to in 
passing through the regenerator at constant volume, (4) con- 
tracts at this constant temperature, giving up heat to the re- 
frigerator. 

In this engine, invented in 1816, th^ air is enclosed in a 
receiver DCABACD^ consisting of two similar vessels one 
within the other, which communicate by ^oles pierced through 
the hemispherical bottom of the inner one ; the annular spa(ke 
AC between them containing conducting materials and forming 
the regenerator. A plunger which is 
hollow and filled with brick-dust or other 
badly-conducting matter, moves up and 
down within the internal vessel, and by 
driving or drawing the air through the 
regenerator causes it to be cooled or 
heated at constant volume : the refrigera- 
tor consists of a fine copper tube coiled 
horizontally in the space CD and traversed 
by a current of cold water : G is the cy- 
linder and H the working piston. Con- 
sider the plunger at the bottom of its 
stroke; as it rises, the cold air passes from above through 
the regenerator and through the holes into the space vacated, 
beinf thus heated at constant volume ; receiving heat from the 
furnace on which the receiver stands the air expands at constant 
temperature, lifting the piston as the plunger descends, the 
air passes through the regenerator, leaving its heat there and 
being cooled at constant volume, and then through the re- 
frigerator to the vacated space, being thus brought to ^its lowest 
temperature; the refrigerator absorbs also the heat produced 
by the compression of the air in (7 as deseftnds. A slide-valve 
is required for this engine which is not shewn in the figure. 

108 . Captain Ericsson’s engine. In this cycle (3) is 
p = const., or the lines AB, CD are isopiestics. The air there- 
fore (i) passes through the regenerator at constant pressure, 
being heated from /q to /, (2) receives hea{ from the furnace 



Fig. 49. 
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and expands at this constant temperature, (3) repasses the 
regenerator at constant pressure, falling again to (4) is com- 
pressed at this constant temperature, giving up heat to the 
refrigerator. 

This engine was invented^ in 1833, and it was much im- 
proved by Mr, Dunn* in 1850. In the improved form it 
consists of a cylinder A into which air is drawn through the 
valve / as the piston a descends : when the piston rises, the 
sftr is cbased through the valve g into the receiver Z), whence it 
passes at constant pressure through the regenerator where 


(Id 



Fig. 50. 


its temperature is raised to /, into the cylinder B\ here it is 
heated by the furnace A' and raises the piston C, which is hollow 
and full of bric^- 3 ust, and which is connected to the piston 
a by the braces r ; as C descends, the air passes out through 
the regenerator, giving up its heat, and is caused by the slide- 
valve G (which is moved by the eccentric ZT) to go into the 

^ Mechanic's Magazine^ xx. (1833) 11. 

* Mechanic's Magaxint, Iv. (1851) 41. 
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waste-pipe Z communicating with the atmosphere. If any other 
gas than air is used, it is passed by L through the tube 
around which is a refrigerator, to the valve ^ where it again 
enters the engine, ky k are air-holes, and e the stuffing-box 
of the piston-rod d. 

109 . Dr. Joule’s engine. In 1851 4)r. Joule ^ proposed 
an engine without regenerator or refrigerator, which though 
not theoretically of maximum efficiency approaches this limit 
more nearly in practice than the theoretically perfect eilgines : 
its diagram consists of isopiestics and adiabatics. Air is drawn 
from the atmosphere into a cylinder, its state being represented 
by ^ 0 , it is then compressed adiabatically till its state 

becomes /, 7;, /, and is then forced into an indefinitely large 
reservoir containing air that is kept constantly at a high tem- 
perature f and at the pressure / by a furnace : here it absorbs 
heat per unit-mass as it rises in temperature to /, 

meantime expanding at the constant pressure p into a cylinder 
and driving a piston before it: when as much air has left 
the reservoir as entered it, communication with the reservoif' 
is shut off and the air in the cylioder is allowed to expand 
adiabatically till its pressure falls to its initial value, it is then 
rejected into the air as the engine returns to its initial state,*the 
piston in this last process experienc- 
ing a back pressure p^. 

We’have then 

and between these quantities the 
properties of adiabatics and iso- 
piestics give the relations 

K K 



7, K i K-1 / «-r if 

(7)=<r) =l=fe) =< 7 )’ 


A 


if /' 

-L®, — _®- 


^ Phxl. Trans, cxlii. (1852) pt. i. 65. 
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thus the work done along BC is = R (/'—/), the work 

done along CD is k ^ y work spent along 

DA is ^ y work spent 

along AB is hence the total work done is 

, since JC^k=:Ry 

hnd tbd efficiency is therefore 



which is not the maximum. 

110. Steam-engine. We shall consider a theoretical steam- 
engine in which none of the irreversible processes that occur 
in practice are found. Thus, in the diagram unit-mass of water 

at /q, the temperature of ‘ 
the condenser, is heated 
to /, the temperature of 
the boiler, under a pres- 
sure which is at each 
instant equal to the maxi- 
mum tension of steam at 
the corresponding tem- 
perature; it is then va- 
porized at / and expands 
into a qvlinder the piston of which it drives out; it is then 
allowed still further to expand adiabatically until its temperature 
falls to it is finally put in communication with the condenser 
and compressed till it regains its original liquid state. 

The heat given is / %dt along AB and X along BC\ now a 

proportion i— of the steam will have been condensed during 
the adiabatic expansion along CD so that the heat given out 
along DA is which is given by 
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from (i8), § 88 ; hence the total work done is 

rsrf/+x-«,\,= rt^tdt+K~% 

Jfo -'/o * * 

and the efficiency is this quantity divided by 

Jtti 

If the temperatures of the boiler and coi^enser are 150® and 
50® c., so that /= 423*7, = 323-7, giving a maximign effi-* 

ciency of 0-236, we find, on calculating from the table in § 93, 

= 0-824, ^0=195^2, / = 25009; Wience the 

Jh 

efficiency is 0-218, or ^fths of the maximum. 

In the actual engine we cannot allow the complete expansion 
denoted by CD because of the very large values of /: thus 
with the temperatures 150® and 50° c., D corresponds to a 
volume 2614 times greater than the volume at C, whereas in 
practice a four-fold expansion (which lowers the temperature to 
99 c.) is ordinarily employed, the most extreme case being , 
a ten-fold expansion which lowers the temperature to 72-9^0. 
Thus if the adiabatic expansion CE only is allowed and the 
steam is then put into communication with the condenser, sthe 
work EDFE is lost, and this may be thus calculated. If is 
the temperature at E^ the area EDdeE is 

by (14), § 86, and the area FDdeF\% 
but at the same time we have 


A 

/ 



o; 


and the work EDFE is equal to the excess of EDdeE over 
FDdeF. 

If in the above case we allow a four-fold expansion, 

= 20306, area EDdeE = 2539, ^^rea FDdeF^ 1041, 
whence the area EDFE = 1498, and the efficiency of the engine 
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is diminished by 0*060, being therefore only |rds of the 
maximum. Had the adiabatic expansion been ten-fold, the 
efficiency would have been diminished by 0*022 and therefore 
fths of the maximum. 

We ought further to allow for clearance (the space within 
the cylinder that is Aot traversed by the piston, including also 
the ports) and for the steam reaching the cylinder at a tern- ’ 
^perature lower thad that of the boiler : for these details how- 
ever vfe must refer to Professor Rankine’s book. 

Another imperfection of an ordinary steam-engine arises 
from thei condensation of steam during expansion; the heat 
thus emitted certainly does work, but at the same time it turns 
the badly-conducting saturated but dry vapour into a fairly- 
conducting mixture of steam and water, so that the condensed 
particles, abstracting heat from the entering steam and com- 
municating heat to the cooled steam as it leaves the cylinder, 
lowers the working pressure and increases the back pressure, 
thereby seriously affecting the efficiency of the engine. Mr. 
vVatt remedied this by enveloping the cylinder in an annular 
casing, called a steam-jacket^ which communicates with the 
boiler, and thus being filled with steam supplies sufficient heat 
to prevent condensation within the cylinder. 

We may apply Fig. 52 to this case, the only difference being 
that the same ordinates of CD correspond to greater abcissae 
than in the ordinary engine. Considering the full expansion 
Ch • 

to occur, we have heat / dt added along C 77 , so that the 
heat supplied is 

by (8), § 83, and as the heat emitted along DA\ the heat 
turned into useful work is 



If the temperatures of the boiler and refrigerator are 150® 
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and 50® c., we find 6011 for the value of the integral or the 
work done during the stroke, and the efficiency is therefore 
0-202 or ^ths of the maximum. This is less than that given 
by the ordinary engine; at the same time 563 megalergs more 
work is done per stroke, but only by absorbing 4747 megalergs 
more of heat and by expanding ^th as much again. A steam- 
jacket is thus no improvement to an engine so perfect as we 
have supposecf: it is found however practically to be of great 
advantage in the case of actual steam-engines. 

We might easily apply this to the case of partial expansion 
until the temperature falls to as denoted by E\ the heat 
supplied is 

f std/+\+ f dt = f f — d/; 

Ji Jio Jtif 

and the work EDdeE is equal to the excess of the heat supplied 
along ED over the change of intrinsic energy, or 

J^di - {(X, -/„ «„) - (X,-/^ «,) dt } 

and the work FDdeF is/o lost work EDBE is 

the difference between these quantities: the efficiency may 
therefore be calculated. , 

If in the above case a four-fold expansion were allowed, the 
vapour would be cooled to«io2^c. : thus the heat supplied 
would be 27948, the area EDdeE 3201, and the area FDdeF 
1285, so that the area EDfE would be 1916 and the total work 
done 4095, whence the efficiency is 0-147 or of the 

maximum. , 

Other engines have been employed with superheated vapours 
and with combined vapours: these are fhlly discussed by 
Professor Rankine. 
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Ss.6d. 

Irenaeus: The Third Book of St. Irenaeus^ Bishop of Lyons, 

against Heresies. With short Notes and a Glossary by H. Deane, B.D. 

• 1874. Crown 8vo. ijr. 6</. 

Patrum ApostoUcorum^ S. Clementi? Romani, S. Ignatii, 

g. Polycaipi, quae supersunt. Edidit GuiL Jacobson, S.T.PjR. Tomi II. 
Fourth Edition, 18(3. 8vo. 1/. u. 

Socrates^ Ecclesiastical History^ according to the Text of 
Hussey, with an Introduction by William Bright, D.D. 1878. Crown 8vo. 
7 ^* 
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ECCLESIASTICAL EISTOBT, BIpC^BAPEY, fto. 

Ancient Liturgy of the Church of England, according to the 

uses of SamiUi York, Hereford, and Bangor, and the Roman Liturgy arranged 
in parallel columns, with prefaee and notes. By William Maskell, M.A. 
Third £dition4 i88a. 8vo. 15^. 

Baedae Historia Ecclesiastica. Edited^ with English Notes, 

by G. H. MobeAy, M,A. 1881. Crown 8vo. lox. id* 

Bright ( W.), Chapters ^of Early English ChurchmHistdiry^ 

1878. 8vo. 12s, 

Burnet s History of the Reformation of the Church of England. 

A new Edition. Carefully revised, and the Records collated with the originals, 
by N. Pocock, M.A. 7 vols. 1865. 8vo. Price reduced to i/. lof. 

Councils and Ecclesiastical Documents relating to Great Britain 
and Ireland. Edited, after Spelman and Wilkins, by A. W. Haddan, B.D., 
and W. Stubbs, Iii.A. Vols. L and HI. 1869-71. Medium 8 vo. each 1/. is. 

Vol. II. Part I. 1873. Medium 8vo. lor. 6 d, 

Vol. rt. Part II. 1878. Churdi of Ireland; Memorials of St. Patrick. 
Stiff covers, 3^. 6 d, 

Hamilton {^ohn, Archbishop of St Andrews), The Catechism 
of. Edited, with Introduction and Glossary, by Thomas Graves Law. dVith 
a Preface by the Right Hon. W. E. Gladstone. 8vb.* i fs. 6 d. 

Hammond (C. E\ Liturgies, Eastern and Western. Edited, 

with Introduction, Notes, and Liturgical Glossary. 1878. Crown 8vo. jox. 

An Appendix to the above. 1879. Crown 8vo. paper covers, is. id, 

John, Bishop of Ephesus. The Third Part of his Eccle^ 

siasHcal History. []fo Syriac.] Now first edited by William Cureton, M.A. 

1853. 4 tO. ll . 12 S . 

Translated by R. Payne Smith, M.A. 1860,^ 8vo. loj, 

Leofrk Missal, The, as used in the Cathedral of Exeter 

during the Episcopate of its first BishoJ), a.d. 1050-1072 ; together with some 
Account of the Red Book of Derby, the Missal of Robert of Jumi^ges, and a 
few other early MS. Service ^oks of the English Church. Edited, with In- 
troduction and Notes, by F. fi. Warren, B.D. 4to, half morocco? 3SJ. 

Monumenta Ritualia Ecclesiae Anglicanae, The occasional 

Offices of the Church of England according to the old use of Salisbury, the 
Prymer in English, and other prayers and forms, with dissertations and notes. 
By Willia^daskell, M.A. &cond Edition. x88a. 3 vols. 8vo. a/, xot. 

Records of tL Reformation. The Divorce, 1537-1533. Mostly 
now for the first time printed frpm MSS. in the British Museum and other libra* 
ries. Collect^ and arranged by N. Pocock, M.A. 1870. a vols. 8vo. i/. i6j. 
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Skirl^ ( W. W.). Some Account of the Church in ^ Apostolic 
Agt. Second Edition, 1874. Fcap. 8vo. 3«. 6 d. 

Stubbs ( fF.). Refistrum Sacrum Anglieanum. An attempt 

to euiibit the course of Episcopal Succession in £n{;land. 1858. Small 4to. 
8i. 6 d, , 

Warren {F. E). LRurgy and Ritual of the Celtic Church. 

1881. 8vo. 14/^ 

ElfeuSH ‘ THEOLOaT. 

ButWs fl^orks, with an Index to the Analogy. » vols. 1874. 
”*• aieoMpnntely, 

Sermohs, 5s. 6 d. Analog of Religion, 5J. 6 d. 
GresweUs HarmoniaEvangelica. Fifth Edition. 8vo. 1855. 

Heurtlefs Harmonia SymboHea: Creeds of the Western 

Church. 1858. 8vo. 6r. 

Homilies appointed to he read in Churches. Edited t>y 
Griffiths, M.A. 1859. 8vo. 71. 

Hooker's Works, with his life by Walton, arranged by John 
' Xeble, M.A.. Sixth JSdition, 1874. 3 vols. 8 to. i/. iu. 6 e. 

the text as arranged by John Keble, M.A. a vols. 

1875. 8v(h IU. 

'f'ewet's Works. Edited by R. W. Jelf, D.D. 8 vols. 1848. 

8vo. il, 10s, 

Pearsods Exposition of the Creed. Revised and corrected by 
E. Burton, D.D. Sixth Edition, 1877. 8vo. lor. 6 d, 

Waterland's Review of the DocXrine of the Eucharist, with 
a Preface hgr the late Bishop of London. Crown 8vo. 6 f. Sd. 

Works, with Life, by Bp. Van,Mildert. A new Edition, 

with coi»ons Indexes. 6 toIs. 1836. Sro. a/, lu, 

Wkeatiy sJllustration of the Book of Common Prayer. A new 

Edition, 1846. 8 to. $s, 

Wyclif. A Catal^ue *of the Original Works of fohn Wyclif, 
by W. W. Shirley, D.D. 1865, 8 yo. y. 

—— Select English Works. By T. Arnold, 3 vols. 

1869-1871. 8to. If. It, ' ^ 

— Tricdogus. With the Supplement now first edited. 
E|7 Gotthard Lechler. 1869. 8vo. Jt. 




CLARENDON PRESS, OXFORD 


9 


HISTOBIOAL AND DOCDVENTABT WOBE8. 
British Batrows, a Record of the Examination of Sepulchral 

Moonds ia yarioos parts of Ei^and. By William Gteenwell, MA., F.S.A. 
Together with Description of Rgures of Sknlls, General Remarks on Pre- 
historic Crania, and an Appendix by Geo^ Rolleston, MD., F.RB. 1877. 
Medium Svo. 25^. 

Britton. A Treatise upon the Commm Law' of England, 

composed by order of King Edward I. The French Text carefully revised, 
with an English Translation, Introduction, and Notes, by F. M.#fichols,M.A. 
2 volSs 1865. Royal Svo. i/. i6r. 

Clarendofls History of the Rebellion and Civil Wars in 

England. 7 vols. 1839. i8mo. 1/. i^. * 

ClarendofCs History of the Rebellion and Civil Wars in 

England. Also his Life, written by himself, in which is included a Con- 
tinuation of his History of the Grand Rebellion. With copious Indexes. 
In one volume, royal Svo. 1842. i/. ax. 

Clintolis Epitome of the Fasti Hellenku 1851. Svo, 

Epitome of the Fasti Romanu 1854, 8vOw 7^. 

Corpvs Poetkvm Boreale. The Poetry of the Old Northern 

Tongue, from the Earliest Times to the Thirteenth Century. Editej, (jas- 
sified, and translated, with Introduction, Excursusf and Notes, by Gudbrand 
Vigfusson, M.A., and F. York Powell, M.A. a vols. 1883. Svo. 42^. 

Freeman {E. A,). History of the* Norman Conquest of Eng- 

land; its Causes and Results. In Six Volumes. Svo. 5/. px. fid, • 

The Reign of "William Rufus and the Accession of 

Henry the First. 2 vols. 4 vo. i/. i6x. 

Gascoignds Theological Dictionary (‘*T.iber Veritatum”): 

Selected Passages, illustrating t^ condition of Church and State, 1403-1458. 
* With an Introduction by James Thorold Rogers, M.A. Small 4to. lox. 

Magna Carta^ a careful Reprint. Edited by W. Stubbs, D.D. 

1879. 4^0* stitched, ix. 

Passio et Miracula Beati Olaui. Edited from a Twelfth- 

Century MS. in the Library of Coipus Christi College, Oxford, with an In- 
troduction and Notes, by Frederick Metcalfe, M.A. Small 4to. stiff covers, 6x. 

Protests of the Lords^ including thol^ which have been ex- 
punged, from 1624 to 1874; with Historical Introductions. Edited by James 
E. Thorold Rogers, M, A. 1875. 3vols. 8vo. a/, ax. 

Rogers E. T). History of Agriculture and Prices in 

England, A.D. 1359-1793. 

Vols. I and 11X1259-1400). 1866. 8vo. 2/. ax. 

Vols. Ill and IV (1401-1582). x88a. 8vo. 2/. xox. 
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Saxon Chronicles {Two of the) parallel, vith Supplementary 
Extracts from the Others. Edited, with Intn^ction, Notes, and a Glos- 
sarial Index, by J. Earle, M.A. 1865. 8vo. idx. 

Siurlunga Saga, including the Islendinga •Saga of Lawman 

Sturla Thordsson and other works. Edited by Dr. Gudbrand Vigfdsson. 
In a vols. 1878. 8vo. a/^ ar. 

York Plays. The Plays performed by the Crafts or Mysteries 

of York on the day of Corpus Christi in the 14th, 15th, Und idth centuries. 
Now first printed &om the unique MS. in the Library of Lord Ashbumham. 
Edited wi^h Introduction, and Glossary by Lucy Toulmin Smith. v8vo. 21s, 


Statutes ma&e for the University of Oxford, and for the Colleges 

and Halls therein, by the University of Oxfoid Commissioners. 188a. 8vo. 
zar. (id. 

Statuta Universitatis Oxoniensis. 1885. 8vo. 5 ’^* 

The Examination Statutes for the Degrees of B,A., B. Mus., 

and B.M. Revised to Trinity Term, 1885. 8vo. sewed, is, ' 

The Students Handbook to the University and Colleges of 

Osford, Extra fcap. 8vo. ar. ^d. 

The Oxford UniverEty Calendar for the year 1886. Crown 

8vo. 4r. (d. 

The present Edition includes all Class Lists and other University distinctions for 
the five yearl ending with 1885. i 

i « 

Also, flupplementaiy to the above, price 58. (pp. 606), 

The Honours Register of the University of Oxford. A complete 

Record of University Honours, Officers, Distin^ctions, and Class Lists; of the 
Heads of Colleges, dec., See., from the Thirteenth Century to 1883. 


MATBEKATICS, PHYSICAL SCIENCE, &Q. 

Acland (H, JV., MX., Synopsis of the Pathological 

Series in the Oxford Museum. 1867. 8vo. ar. (id. 

De Bary {Br. A.). Comparative Anatomy of the Vegetative 

« Organs of the Phanerogams^nd Ferns. Translated and Annotated by F. O. 
Bower, M.A., F.L.S.^ anrt). H. Scott, M.A., Ph.D., F.L,S. With two 
hundred and forty-one woodcuts and an Index. Royal 8vo., half morocco, 
1/. 2s, 6 d. 

Muller {y.). On certain Variations in the Vocal %rgans of 

the Passeres that have hitherto escaped notice. Translated by F. J. Bell, B.A., 
and edited, with an Appendix, by A H. Garrod, M. A., F.R.S. With Plates. 
1878. 4to. paper covers, 7r. 6d. 
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Price^B^tholomew, MJL., FJi.S.). - Treatise on Infinitesimal 

Vol. I. Differential Calculus. Second Edition. 8vo. x^r. 6 d, 

Vol. II. Integral Calculus, Calculua4>f Variations, and Differential Equations. 
Second ]^ition, 1865. 8vo. 18^. 

Vol. III. Statics, including Attractions ; Dynamics of a Material Particle. 
Second Edition, 1868. 8vo. i6j. 

Vol. IV. Dynt^ics of Material Systems; together with a chapter on Theo- 
retical Dynamics, by W. F. Donkin, M,A., ]i.R.S. i86a, 8vo. i6r. 

Pritchard {C, D.D., F.R.S.). Uranometria Nova Oxoniensis. 

A Photometric determination of the magnitudes of all Stars visible to the 
naked eye, from the Pole to ten degrees south of the Equator. 1885. Royal 
8vo. 8 j.6^. ‘-id/ 

-> — Astronomical Observations made at the University 

Observatory, Oxford, under the direction of C. Pritchard, D.D. . No. i. 
1878. Royal 8vo. paper covers, 6 d, 

Rigaud's Correspondence of Scientific Men of the i^th Century ^ 

with Table of Contents by A. de Morgan, and Index by the Rev. J. Rigaud, 
M.A. a vols. i84i-i86a. 8vo. i&r. 6^. 

Rolleston {George, M.D., FR..S.). Scientific Papers and Afi- 

drtssts. Arranged and Edited by William Tnintf, M.B., F.R.S. A^ith a 
Biographical Sketch by Edward Tylor, F.R.S. With Portrait, Plates, and 
Woodcuts, a vols. 8vo. lU 4r. 

Westwood {J. 0., M.A., F.R.S.). Thesaurus Entonulogtms 
Hopeianus, or a Description of the rarest Insects in the Collection given to 
the University by the RevaWilliam Hope. With 40 Plates. 1874. Small 
folio, half morocco, 7/.10X. 


fSit Ibacrett of tbe ISaot. 

Translated by VARiousORiENtAL Scholars, and edited by 
F. Max Muller. 

[tkmy 8vo. cloth.] 

Vol. I. The Upanishads. Translatid by F. Max MUlldf. 

Part I. The jOindogya-upanishad, The Talavakira-uoanishad, The Aitareya- 
draiiyaka, The Kausbitaki-brShmaiia-upanishad, andTne Vd^aneyi-samhit^l- 
upanisha^ io.r. 6 d, 

Vol. II. The Sacred Laws of the Aryas, as taught in the 

Schools of Apastamba, Gautama, V&sish/Aa, and Baudhftyana. Translated by 
Prof. Georg Buhler. Part I. Apastamba and Gautama. lor. 6 d. 
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Vol. III. The Sacred Books of China. The Texts of Con* 

fiicianism. Translated by James Legge. Part L The Shd King, The Reli- 
gions portions of the Shih King, and The Hsi&o King, i ax. 6 df. 

Vol. IV. The Zend'Avesta. Translated by James Darme- 

steter. Parti. TheVendid&d. 

Vol. V. The Pahlavi' Texts. Translated by E. W. West. 

Part I. Tbe Bund^dtu, Bahman Yart, and ^Syast lft-sbfty|rtt. laa. M. 

Vols. VI and IX. The Qur’An. Parts I and II. Translated 

by £. H9Palmer. 2is^. 

Vol. VII. The Institutes of Vish«u. Translated by Julius 

Jolly. lorr 6(1, 

Vol. VIII. The Bhagavadgitd, with The Sanatsq^f&tiya, and 

The Anugttd. Translated by Kdshinith Trimbak Telang. lox. 6d. 

Vol. X. The Dhammapada, translated from Pdli by F. Max 

Muller; and The Sntta-Nipita, translated from Pftli by V. Fausboll; being 
Canonical Books of the Buddhists. lor. « 

Vol. XI. Buddhist Suttas. Translated from PMi by T. W. 

Rhys Davids, i. The Mah^arinibb&na Suttanta ; a. The Dhamma-^kka- 
^ p^attana Sutta ; 3 . The Tev^^ Suttanta ; 4 . The Akahkheyya Sutta ; 
5 .The 4 ^tokhila Sutta ; 6. The Mahd-sudassana Suttanta ; 7 . The Sabb&sava 
Sutta. lar. 6d, 

Vol. XII. The 5atapatha-Biihma«a, according to the Text 
of !he MSdhyandina School. Translated by Julius Eggeling. Part 1. 
Books land II. i2s.6tl. 

Vol. XIII. Vinaya Texts. Translated from the PiH by 

T. W. Rhys Davids and Hermann Oldenbezg. Part 1. The Pdtimokkha. 
The Mahdvagga, 1-IV. xor. 6<i, 

Vol. XIV. The Sacred Laws of the Aryas, as taught in the 

Schools of Apastamba, Gautama, Visish/Aa and Baudhdyana. Translated 
by Georg Bilhler. Part II. Y^sh^Aa and'Baudhdyana. lar. 6 tf. 

Vol; XV. The UpanisHads. Tranq^ated by F. Max Muller. 

Part 11. The KaMa-upanishad, The Mmft&ka-upanishad, The Taittiriyaka- 
npanishad, The Bnhaddraifyaka-upanishad, The^vetarvatara-upanishad, The 
Praj^a-upanishad, aiM The Maitr&yaiia-Br^ma»a-upanishad. lor. 6d, 

Vol. XVI. The Sacred Books of China. The Texts of Con- 

fucianism. Translated by James Legge. Part II. The Yi King. lor. 6d, 

Vol. XVII. Vinaya Texts. Translated from the PAli -by 

T. W. Rhys Davids and Hermann Oldenbeig. Part II. The Mahdvagga, 
V-X. TbeAruUavagga,Mll. ios.6d 
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Vol. XVIII. Pahlavi Texts. Translated by E. W. West. 

Part II. The Dd^stdn-i Dtnik and The Epistles of M^ds^ihar. i aj. 

Vol. XIX. The Fo-sho-hing-tsan-king. A Life of Buddha 

by Arvaghosha Bodhisattvai translated from Sanskrit into Chinese by Dhar- 
xnaraksha, a.d. 430, and from Chinese into English by Samuel Beal. lox. 

Vol. XX. Vinaya Texts. Translated from the Pili by T. W. 

Rhys Davids and Hermann Oldenbere. Part III. The Aullavagga, IV-XII. 
lOir. 6^. 

Vol. XXI. The Saddharma-puw^fartka ; or, the L^tus oPthe 

True Layr. Translated by H. Kern. 12^. 

Vol. XXIL d?aina-S<itras. Translated from Prdkrit by Her- 

. mann Jacobi. Part I. . The A/tdrIhga-Sdtra. The Kalpa-Shtro. xoj. 6(f. 

Vol. XXIII. The Zend-Avesta. Translated by James Dar- 

mesteter. Part II. The Strdzahs, Yarts, and Nydyir. los, 6 d, 

Vol. XXIV. Pahlavi Texts. Translated by E. W. West. 

Part III. Dtnl-t Matndg-t Khirad, 5 !kand-g(lmSnik» and Sad-Dar. lor. 6 d, 


SeoozLd Series. 

Vol. XXVI. The 5atapatha-Br4hma«a. Translate^d by 

Julius Eggeling. Part II. 12s, 6 d. Just Puhlis]^. 

Vols. XXVII and XXVIII. TJie Sacred Books of China. 

The Texts of Confucianism. Translated by James Legge. Parts III an^V. 
The Lt AT, or Collection of Treatises on the Rules of Propriety, or CiremflRIl 
Usages. 2gs, Just Published, 

The followflig Volumes are in the Press:-— 

Vol. XXV. Manu. Translated by Georg Biihler. Vol. 1. 
Vols. XXIX and XX3^ The Grrhya-Sfltras, Rides of Vedic 

Domestic Ceremonies. Translated by Hermann Oldenberg. Parts I and II. 

Vol. XXXI. The Zend-Avesta. Part III. The Yasna, 

Vispatad, Afitnagfin, and G^a. Translated b, the Rev. L. H. Mills. * 

Vol. XXXII. Vedic Hymns. Translated by F. Max Mtil|£r. 

Parti. 

Vol. XXXIII. N&rada, and some Minor Law-books. 

Translated by Julias Jolly. \Prtfarit^^ 

Vol. XXXIV. The Vedanta-Sfltras, with Sankara’s Com- 

mentary. Translated by G. Thibaut 

Tht Second Strits will crnHst of Twenty-Four Volumes. 
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ClETjenkit ipitss Sm 

I. EHOLISH, fto. 

A First Reading Book. By Marie Eichens of Berlin ; and 

edited by Anne J. Clough. Extra fcap. 8vo. stiff covers, 4^/. 

Oxford Reading Booh, Part T. For Little Children. Extra 

¥cap. 8v(^ stiff covers, 6^. 

Oxford Reading Book, Part II. For Junior Classes. Extra 

fcap. 8vd. stiff covers, 

An Elementary English Grammar and^ Exercise Booh By 

0 . W. Tancock, M.A. Second Edition. Extra &ap. 8vo. is, 6 d, 

An English Grammar and Reading Booh Lower Forms 

in Classical Schools. By O. W. Tancock, M.A. Fourth Edition. Extra 
leap. 8vo. 3^. 6d, 

Typical Selections from the best English Writers, with Intro- 
ductory Notices. Second Edition. In Two Volumes. • Extra fcap. 8vo. 
3 ^. 6d, each. 

Vol. I. Latimer to Berkeley. Vol. II. Pope to Macaulay. 

Shairp {J. C., LL.D.), Aspects of Poetry; being Lectures 

* denvered at Oxford. | Crown 8vo. los, 6d, 

A Book for the Beginner in Anglo-Saxon. By John Earle, 

uii...M.A« Third Edition. Extra fcap. 8vo. 2 s. 6d, ' 

An Anglo-Saxon Reader. In Prose and Verse. With Gram- 
matical Introduction, Notes, and Glossary. By Henry Sweet, M.A. Fourth 
Edition, Revised and Enlarged. Extra fcap. ^vo. 8.r. 6</. 

An Anglo-Saxon Primer, with Grammar ^ Notes, and Glossary. 

By the same Author. Second Edition. £xtra fcap. 8vo. a.r. 6<f. 

Old EnglishsReading Primers; edited by Henry Sweet, M.A. 

1. Selected Homilies of iElfiric. Extra fcap. 8vo., stiff covers, is. 6d. 

II. Extracts from Alfred*s Orosius. 'Extra f^p. 8vo., stiff covers, is, 6d, 

First Middle English Primer, with Grammar and Glossary. 

By the saihe Author. Extra fcap. 8vo. 2 S. * 

T^e Philology of the English Torque. By J. Earle, M.A. 

Third Edition. ExtrS fcap. 8vo. 7^. ^d. 

An Icelandic Primer, with Grammar, Nojes, and Glossary. 

By the same Author. Extra fcap. 8vo. $s. 6d. 

An Icelandic Prose Reader, with Notes, Grammar, and Glossary. 

By,G. Vigfdsson, M.A., and F. York Powell, M.A. Ext. fcap. 8vo. los, td. 

A Handbook of Phonetics, including a Popular Exposition of 

the Principles of Spelling Reform. By H. Sweet, M A. Extra fcap. 8vo.4r.6<f. 
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Elemmtarbuch des Gesprochenen Englisch. Grammatik, 

Texte und Glossar. Von Henry Sweet. Extra fcap. 8vo., stiff covers, a 6</. 

The Ormulum; with the Notes and Glossary of Dr. R. M. 

White. Edited by R. Holt, M. A. 1878. a vols. Extra fcap. 8vo. a ij. 

Specimens of Early English. A New and Revised Edition. 
With Introduction. Notes, and Glossarial Indix. By R. Morris, LL,D., and 
W. W. Skeat, M.A. 

Part I. Frqpi Old English Homilies to King Horn (a.d. i 150 to A.D. 1300). 

Second Edition. Extra fcap. 8vo. .9X. * 

Part II. From Robert of Gloucester to Gower (a.d. i398ito A.D. f393). 
Second Edition. Extra fcap. 8vo. *is, 6d, 

Specimens of English Literature, from the ‘Ploughmans 
Crede’ to the * Shepheaides Calender* (a.d. 1394 to a.d. 1519). With Intro- 
• duction. Notes, And Glossarial Index. By W. W. Skeat, M.A. Extra fcap. 
8vo. 7f . 


The Vision of William concerning Piers the Plowman, by 
William Langlapd. Edited, with Notes, by W. W. Skeat, M.A. Third 
Edition. Extra fcap. 8vo. 4^. 

Chaucer. I. The Prologue to the Canterbury Tales; the 
Knightes Tale ; The Nonne Prestes Tale. Edited by R. Morris, Editor of 
Specimens of Early English, &c., &c. Fifty-first Thousand. Extra fcap. 8vo. 

2S. 6ct. 

II. The Prioresses Tale; Sir Tfiopas; The Monkes 

Tale ; The Clerkes Tale ; The Squiere|Tale, &c. Edited by W, W, Skeat, 
M.A. Second Edition. Extra fcap. Svo. 41. 6(/. 

III. The Tale of the Man of Lawe; The Pafdoneres 

Tale j The Second Nonnes Tale ; The Chanouns Yemannes Tale. By the 
same Editor. Second Edition, ^tra fcap. Svo. 41. 6</. 

Gamelyn, The Tale of. Edited with Notes, Glossary, &c,, by 
W. W. Skeat, M.A. Extra fcap. Svo. Stiff covers, is. 6(i, 

SpensePs Faery Queene. Books I and II. Designed chiefly 

for the use of Schools. . With Introduction, Notes, and Glossary. By G. W. 
Kitchin, D.D. . ' » , • 

Book I. Tenth Edition. Extra fcap. Svo. aj. ^d. 

Book II. Sixth Edition. Extra fcap. Svo. 2s. td. 

Hooker. Ecclesiastical IPolity, Book I. Edited* by R.‘ W. 

Church, M.A. Second Edition. Extra fcap. Svo.^aj. 

Marlowe and Greene, Marlowe's Tragical History of Dr. 

Faustus. and Grtmi s' Hirnwrabh History of Friar B<um and Friar Bungay, 
Edited by A. W. Wa^, M.A. 1878. Extra fcap. Svo. 5^. In white 
Par^ment, 6 j. 

Marlowe. Edward 11. With Introduction, Notes, &c. By 

0 . W. Tancock, M. A. Extra fcap. Svo. 35. 
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Shakespeare. Select Plays. Edited by W. G. Clark, M.A., 

and W. Aldis Wright, M.A. Extra fcap. 8vo. stiff covers. 

The Merchant of Venice, u. Macbeth, is. 

Richard the Second, is. 6d. Hamlet, aj. 


Edited by W. Aldis Wright, M.A. 


The Tempest, is. ^d. 

As You Like It. is. 6d. 
Julius Caesar. 2s. c 
Richard Third. 2s. 6d. 
King Lear. ij. 6d. 


Midsummer Night’s Dream, u. 6d. 
Coriolanus. 2s. 6d. 

Henry the Fifth. * 2s. 

Twelfth Night, is. 6d. 

King John. is. 6d. 


Shakespeare as a Dramatic Artist; a popular Illustration of 

the Principles of Scientific Criticism. By R. G. Moulton, M.A. Crown 8vo. 5s. 

Bacon. I. Advancement of Learning. Edited by W. Aldis 

Wright, M.A. Second Edition. Extra fcap. 8vo. 4;. 6</. 


— II. The Essays. With Introduction and Notes. By 
S. H. Reynolds, M.A., late Fellow of Brasenose College. In Preparation. 
Milton. I. Areopagitica. With Iivtroduction'and Notes. By 
John W. Hales, M.A. Third Edition, lutra fcap. 8vo. 3^. 


— - II. Poems. Edited by R. C. Browne, M.A. % vols. 

Fifth Edition. Extra fcap. 8vo. 6s. 6d. Sold separately, Vol. 1 . 4s, ; Vol, II. 3^. 


A In paper oovera 

Lycidas, 3^. L’Mlegro, ^d. 11 Penseroso, 41/. Comus, 6d. 

Samson Agonistes, 6d. 

III. Samson Agonistes. Edited with Introduction and 

Notes by John Churton Collins. Extra fcap. 8yo. stiff covers, is. 


Bunyan. I. The Pilgrim's Progress^ Grace Abounding ^ Rela^ 

Hon of the Imprisonment of Mr. John Bunyan. Edited, with Biographical 
Introduction and Notes, by E. Vdnables, M.A. 1879. Extra fcap. 8vo. $s. 
In ornamental Parchment, 6s. 


II. Hdy War, fi-c. Edited by E. Venables, MA. 

In the Press. 

* * . 

Clarendon, History of the Rebellion. Book VI, Edited 

Uy T. Arnold, M.A. Extra fcap. 8vo. 4r. 

Dryden. Select Poems, Stanzas on the Death of Oliver 
^Xromwell; Astrsea Redux; Annus Mirabilis; Absalom and Achitophel; 
Religio Laid ; The Hind and the Panther. Edited by W. D. Christie, M.A. 
Second Edition. Extra fcap.'Svo. gr. 6d. 

Lockds Conduct of the Understanding. Edited, with Intro- 

duction, Notes, dec., by T. Fowler, M. A. Second Edition. Ehctrafcap.8vo. 2s. 

Addison. Selections from Papers in the Spectator. With 
Notes. By T. Arnold, M.A. Extra fcap. 8vo. 41. 6d. In ornamental 
Parchment, dr. 
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Steele. Selections from the Tatler, Spectator, and Gmrdian. 
Edited by Austin Dob^n. Extra fcap. 8vo. 4^. In white Parchment, 7^. 61/. 

Pope. With Introduction and Notes. By Mark Pattison, B.D. 

I. Essay on Man. Extra fcap. 8vo. is. 6d. 

•— II. Satires and Epistles. Extra fcap. 8vo. 2s. 

Parnell. The Hermit. Paper covers, 2d. 

Johnson. I. Rasselas; Lives of Drydee^ and Pope. Edited 
by Alfred Milnes, M.A. (London). Extra fcap, 8vo. or Lixm of 

Drydm and Pofe only, stiff covers, 2s. 6d. • 

II. Vanity^ of Human Wishes. With Notes^ by E. J. 

Payne, M.A. Paper covers, 4^. 

Gray. Selected Poems. Edited by Edmund Gosse. Extra 

fcap. 8vo. Stiff covers, is. 6d. In white Parchment, is. 

Elegy and Ode on Eton College. Paper covers, 2d. 

Goldsmith* The Deserted Village. Paper covers, 2d. 

Cowper. Edited, with Life, Introductions, and Notes, by 

H. T. Griffith, B.A. 

I. The Didactic Poems of 178^, with Selections from the 

Minor Pieces, A.D. 1779-1783. Extra fcap. 8 vo. 3^. ^ 

II. The Task^ with Tirocinium^ and Selections from the 

Minor Poems, A.D. 1784-1799. Second Edition. Extra fcap. 8vo. 3x. 

Burke. Select Works. Edited, wifh Introduction and Notes, 
by E. J. Payne, M.A. * 

— I. Thoughts on the Present Discontents; the two Speeches 

on America. Second EditiJh. Extra fcap. 8vo. 4.r. ^d. 

— ^ — II. Reflections on the French Revolution. Second Edition. 

Extra fcap. 8vo. 5s. 

III. Four Letters oh the Proposals for Pedce with the 

Regicide Directory of France. Secon^ Edition. Extra fcap. 8vo. ^s. 

Keats. Hyperion, Book I. With Notes by W. T. Arnold, B.A. 

Paper covers, 4^. , ' 

Byron. Childe Harold. . Edited, with Introduction and Not^ 
by H. F. Tozer, M. A. Extra fcap. 8vo. 3^. (id. In»white Parchment, 5^. 

Scfitt. Lay of the Last Minstrel. Edited with Preface and 

Notes by W. Minto, M.A. With Map. Extra fcap. 8vo. Stiff covers, ar. 
Ornamental Parchment, 35. 

Lc^ of the Last Minstrel. Introduction and Canto L, 

vith Preface and Note*, by the same Editw. 6d. 
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Allen, M.A. Extra fcap. 8vo. is. 

An Elementary Latin Grammar. By the same Author. 

Forty-second Thousand. Extra (cap. 8vo. aj.dsT. l 

A First L^tin Exercise Booh, By the same Author. Fourth 

Edition.* Extra fcap. 8vo. 2s, 6tf, 

A Second Latin Exercise Booh, By the sam6 Author. Extra 

fcap. 8vo. 6ff. 

Reddenda Minora^ or Easy Passages, Latin and Greek, for 

Unseen Translation. For the use of Lower Forms. Composed and selected 
by C. S. Jerram, M.A. Extra fcap. 8vo. i.r. Ctd, 

Anglice Reddenda^ or Easy Extracts, Latin and Greek, for 

Unseen Translation. By C. S. Jerram, MAi. Third Edition, Revised and 
Enlarged. Extra fcap. svo. 2s. 6 d, •. t 

Passages for Translation into Latin, For the use of Passmen 

and others. Selected by J. Y. Sargent, M.A. Fifth Edition. Extra fcap. 

, Svo. 2S. U, 

Exercises in Latii^ Prose Compositiofi ; with Introduction, 

Notes, and Passages of Graduated Difficulty for Translation into Latin. By 
G. G. Ramsay, M.A., LL.D.^ Second Edition. Extra fcap. Svo. 4J. ^d, 

"TiUnts ''and Helps for Latin Elegiacs, By H. Lee-Waraer,MjA., 

late Fellow of St. John's College, Cambridge, Assistant Master at Rugby 
School. Extra fcap. Svo. 31. (td. 

First Latin Reader. By T. J. Nunns, M.A. Third Edition. 

Extra fcap. Svo. 2s, ^ 

Caesar, The Commentaries (for Schools). With Notes and 

Maps. By Charles E. Moberly, M.A. 

Part I. The Gallic IVar, Second Editicn. Extra fcap. Svo. 4^. 6 d, 

^ Part n. The Civil War, Extra fcap. 8vo» 3*. 6d. 

The Civil War, Book I. Second Edition. Extra fcap. 8^. 2 s, 
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Notes. By Henry Walfoxd, M.A. In three Parts. Extra fcap. 8vo.4r. 64/. 
Each Part separately, liinp, is, 6 d, 

Part I. Anecdotes from Grecian and Roman History. Third Edition. 

Part II. Omens and Dreams : Beauties of Nature. Third Edition. 

Part III. Rome’s Rule of her Provinces. Third Edition. 

Cicero, Selected Letters (for Schools). With Notes. By the 

late C. £. Prichard, M.A., and £. R. Bemardi ^M.A. Second ^tion. 

' Extra fcap. Svo. y. 
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Cicero, Select Orations (for Schools). In Verrcm I. De 
Impeno Gn. Pompeii. Pro Archia. P|;iilippica IX. With Introdnction and 
Notes by J. R, King, M.A. Second Edition. Extra fcap. 8vo. ax. 

Cornelius Nepos. With Notes. By Oscar Browning, M.A. 

Second Edition. Extra fcap. 8vo. ax.6i/. 

Livy . . Selections (for Schools). With^^otes and Maps. By 
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Fdtt I. The Caudine Disaster. 

Part II. HannibaVs Campaign in Italy. 

Part III. The Macedonian War. 

Livy. Books V-VII. With Introduction and Notes. By 

A. R. Cluer, B.A. Extra fcap. 8vo. ^x. (at. 

Livy. Books XXI, XXII, and XXIII. With Introduction 

and Notes. By M. T. Tatham, M. A. Extra fcap. 8vo. 4x. 6^. 

Ovid. Selections for the use of Schools. With Introductions 
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Edited by G. G. Ramsay, M.A. Third Edition. Extra fcap. 8vo. fx. 6A 

Ovid. Tristia. Book I. The Text revised, with an Intro- 

duction and Notes. By S. G. Owen, B.A. Extra fcap. 8vx>. 3x. 6^. 

Plautus. The Trimmmus. With Notes and Introductions. 

Intended for the Higher Forms of Public Schools. jBy C. E. Freemaif, M.A., 
and A. Sloman, M.A. Extra fcap. Svo. 3x. * 

Pliny. Selected Letters (for Schools). With Notes. By the 

late C. E. Prichard, M.A., and E. R. Bernard, M.A. Second Edititfh. BScifV 
fcap. 8vo. 3x. 

Sallust. With Introduction and Notes. By W. W. Capes, 

M.A. Extra fcap. Svo. 4x. ^d. 

Tacitus. The Annals. Books I-IV. Edited, with Introduc- 
tion and Notes for the use of Schools and Junior Students, by H. Fnmeaux, 
M.A. Extra fcap, Svo. 5x. * 

Terence. Andria. Witl\ Notes and Introductions- By C. 

E. Freqman, M.A., and A. Sloman, M.A. Extra fcap. Svo. $s, 

Virgil. With Introduction and Notes. By T. L. Papillon, 
M.A. Two vols. Crown Svo. lox. 6d, The Text separately, 4x. 6d. 


Catulli Veronensis Liber. Iterum recognovit, apparatum cri- 
ticum prolegomena appendices addidit, Robinson Ellis, A.M. 1878. Demy 
Svo. i&. 

— - A Commentary on Catullus. By Robinson EUis, M.A. 

1876. DemySvo. z(Sx. 
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Robinson Ellis, A.M. Extra fcap. 8vo. ^ 

Cicero de Oraiore. With Introduction and Notes. By A. S. 

Wilkins, M.A. 

Bookl. 1879. 8vo. 6i. Book 11 . 1881. 8vo. ss, 

- — Philippic Oraiiom. With Notes. By J. R. King, M.A. 

Second* Edition. 1879^ 8vo. lor. ^ 

• Select Letters. JVith English Introductions, Notes, and 

Appendices. By Albert Watson, M.A. Third Edition. 1881. DemySvo.xSs. 

Select Letters. Text. By the same Editor. Second 

Edition. Extra fcap. 8iro. \s. 

pro Chentio. With Dltroduction and Notes. By W. 

Ramsay, M.A. Edited by G. G. Ramsay, M. A. Second Edition. Extra fcap. 
8vo. 3r. 6^. 

Horace. With a Commentary. Volume I.’ The Odes, Carmen 
Seculare, and Epodes. By Edward C. Wickham, M.A. Second Edition. 
1877. DemySvo. lar. 

A reprint of the abova^ in a ^ze suitable for the use ‘ 

of Schools. Extra fcap. 8vo. 5x. 6^. 

Livy^ Book !/ With Introduction, Historical Examination, 

< ai^dNotM. By J. R. Seeley, M.A. Second Edition* 1881. 8vo. 6r. 

Ovid. P. Ovidii Nasonis Ibis* Ex Novis Codicibus edidit. 

Scholia Vetera Commentarium cum Rrolegomenis Appendice Indice addidit, 
^^R. Ellis, A.M. 8vo. ioj. 6(f. 

Persius. The Satires. With a Translation and Commentary. 
By John Conington, M.A. Edited by Henry Nettleship, M.A. Second 
Edition. 1874. 8vo. 7i. % 

Tacitus. The Annals. Books I- VI. Edited, with Intro- 

duction and Notes, by H. Furneaux,^ M.A. 8vo. i8r. 


Nettleship (/f., M.A\ Lectures and Essays on Subjects con- 

nected with Latin Scholarship and Literature. Crown 8vo. 7^. 6^. 
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^ its literary development. 8vo. sewed, ir. 

Ancient. Livei* of Vergil. With an Essay on the Poems 

of Vergil, in connection with his life and Times. 8vo. sewed, 2s, 

Papillon [T. X., M.A.). A Manual of Comparative Philology. 

Third ^ition, Revised and Corrected. x88a. Crown 8vo. 6 f. 

Pindir {Norths M.A.). Selections from the less known Latin 

Poets. 1869, 8vo. i5r. 
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Virgil. New Edition. 1883, Crown 8vo. 9/. 

Roman Poets of the Republic. New Edition, Revised 

and Enlarged. 1881. 8vo. 14^. 

Wordsworth {J., M.A.). Fragments and Specimens of Ear^ 

Latin. With Introdnctions and Notes. 1874.* 8vo. i&r. 

III. GBEEE. 

A Greek Primer, for the use of beginners in that*Language. 
By the Right Rev. Charles Wordsworth, D.C.L. Seventh Edition. Extra fcap. 
8vo. ir. 

Graecae Grammaticae Rudimenta in usum Schollrum. Auc* 

tore Carolo Wordsworth, D.C.L. Nineteenth Edition, 1 88a. lamo. 4r. 

A Greek-English Lexicon, abridged from Liddell and Scott’s 

4to. edition, chiefly for the use of Schook. Twenty-first Edition. 1884. 
Square lamo. 7x. 

Greek Verbs, Irregular and Defective; their forms, meaning, 

and quantity; embracing all the Tenses used by Greek writers, with references 
to the passages in whidi they are found. By W. Veitch. Fourth Edition. 
Crown 8vo. iox.6</. 

The Elements of Greek Accentuation (for Schools) : abnidgled 

from his larger work by H. W. Chandler, M.A. E^ra fcap. 8vo. aa. 6i. 

A Series of Graduated Greek Readers:— 

First Greek Reeder. By W. G. Rushbrooke, M,L. Second 

Edition. Extra fcap. 8vo. 2x. 6ff. 

Second Greek Reader. By A. M. Bell, M.A, Extra fcap. 

8vo. 3J. 6<f. 

Faurtk Greek Reader; biing Specimens of Greek Dialects^ 
With Introductions and Notes. By W. W. Merry, M.A. * Extra fcap. 8vo. 
4X.W. . . , 

Fifth Greek Reader. Selections from Greek Epic and 
Dramatic Poetry, with Introductions and Notes. By Evelyn Abbott, % 1 .A. 
Extra fcap. 8vo. 4X. (m/. * 

The Golden Treasury of Ancient Greek Pofiry: being a Cdl^ 
lection of the finest passages in the Greek Classic PcSts. with Introdnctory 
Notices and Notes. By R. S. Wright, M.A. Extra fcap. 8vo. 8x. 6if. 

A Golden Treasury of Greek Prose^ being a Collection of the 
finest passages in the principal Greek Prose Writers, with Introductory Notices 
and Notes. By R. S. Wright, M.A., and J. £. L. SWlwell, M.A. Extra fcap. 
8vo. 4X. 6^. 
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Atxhylus. - Prometheus Bound (for Schoob). With Introduc* 
tionandNote8,byA.O.Prickard|M.A. Second Edition.' Extra fcap.8vo. 2J, 

Agamemnon. With Introduction and Notes, by Arthur 

Sldgwick, M.A. Second Edition. Extra fcap. 8vo. 3/. 

Choephorou With Introduction and Notes by the same 

Editor. Extra fcap. 8vo.* 3/. 

Aristophanes. In Single Plays^ Editerf, with English Notes, 

Introductions, &c., by w. W. Merry, VCk. Extra fcap. 8vo. 

* 1. The Clouds, Second Edition, 2s. 

II. The Achamians, 21. III. The Frogs, a/. 

Ceies. Tabula. With Introduction and Notes. By C. S. 

* Jerram, M.A. Extra fcap. 8vo. 2 $. ' 

Euripides. Alcestis (for Schools). By C. S. Jerram, M.A. 

Extra fcap. 8vo. 

Helena. Edited, with Introduction, Notes, and Critical 

Appendix, for Upper and Middle Forms. By C. S. Jerram, M.A. Extra 
fcap.Svo. 3J. - * 

Iphigenia in Tauris. Edited, with Introduction, Notes, 

and Critical Appendix, for Upper and Middle Forms. By C. S. Jerram, M.A. 

, Extra fcap. 8vo. cloth, 3^. 

Herokotus^ Selections from. Edited, with Introduction, Notes, 

and a Map, by W. W. Merry, M.A. Extra fcap. 8vo. zs. 6 d, 
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Merry, M. A. Twenty-seventh Thousand. Extra fcap. 8vo. 4^.61/. 
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same i^itor. Second Edition. Extra fcap. 8vo. jj. 

— — Iliad, JBook I (for Schools^ By D'. B. Monro, M.A. 

Second EditW Extra fcap. 8vo. 2s, 

— Iliad, Books I-XII (for Schods). With an Introduction, 

8 brief Homeric Grammar, and Notes. By D. B. Monro, M.A. Extra fcap. 
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5— — Iliad, Books VI and XXI. With Introduction and 

Ndtes. By Herbert Hailstone, M.A. Extra fcap. 8vo. ir. 6 d, each. 

Lucian. Vera Historia (for Schools). By C. S. Jerram, 

M.A. Second Edition. Extra fcap. 8vo. u. dif. 

Plato. Selections from the Dialogues {including the whole of 

the Apokp and Critd\. With Introduction and Notes by John Purves, M.A., 
and a Prwce by the Rev. B. Jowett, M.A. Extra fcap. 8vo. dr. (bf. 
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Sopkecln. For the use of Schools. Edited with Intro* 

dnctions and English Notes. By Lewis Campbell, M. A.| and Evelyn Abbott^ 
M.A. Nm am RtvUed Edition, % Vols. Extra fcap. 8vo. lor. 

Sold separately, Vol. I, Text, 4X. dt/. ; Vol. 11 , Explanatory Notes, df. 

St>phocks. In Single Plays, with English Notes, &c. By 
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Tkeocritus (for School^! With Notes. By Kynaston, 

D.D. (late Snow). Third Edition. Extra fcap. 8vo. 4r. 6 d, 

Xenophon. Easy Selections (for Junior Classes). With a 
Vocabulary, Notes, and Map. By J. S. Phillpotts, B.C.L., and C. S. Jerram, 
M.A. Thiid Edition. Extra fcap. 8vo. 31. &f. 

— Selections (for Schools). With Notes and Maps. By 

J. S. Phillpotts, B.C.L. Fourth Edition. Extra fcap. 8vo. 3/. dif. 
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and Private Students. With Introduction, Notes, and Index. By J. Mar- 
shall, M.A., Rector of the Royal High School, Edinburgh. Extra fcap. 8vo. 
a.r. 6^. 

— — Anabasis, Book II. With Notes dnd Map. By C. S. 

Jerram, M.A. Extra fcap. 8vo. 

— > Cyropaedia, Books IV and V. With IntrodudRon^iiS 

Notes by C. Bigg, D.D. Estra Cnp. 8vo. u. 6 tf. 


Aristotle's Politics. By W.^. Newman, M>A. [In tbe Press.] 
Aristotelian Studies. I. On the Structure pf.the Seventh 

Book of the Nicomacbean Ethics. By J.C. Wilson, M.A. Svo.stiff, £«, 

Aristotelis Ethica Niconmhea, ex recensione Immanuelis 

Bekkeri. Crown 8vo. 55. . 

Demosthenes and Aeschines. The Orations of EfeHiosthenes 
and iEschines on the Crown. With Introductory Essays and Notei.^ By 
G. A. Simcox, M. A., and W, H. Simcox, M,A. 187a . ^vo. 1 aj. 

Hwks {E.L., M.A .), A Manual of Greek Historical Inscri^ 

Hons. Demy8vo. lor.ikf. 

Homer. Odyssey, Books I-XII. Edited with English Notes, 

Appendices, etc. By W. W. Merry, M.A., and the late James Riddell, M .A. 
1886. Second Edition. Demy 8vo. idr. 
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M.A. Demy 8vo. lOf. 6i. 

Sophocles. The Plays and Figments. With English Notes 

and Introductions, by Lewis Campbdl, M.A. s vols. 
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Edition. 1879. 8ro. i 6 s. 
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8vo. i 6 s, 
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Brackets Etymological Dictionary of the French Language^ 
with a Preface on the Principles of Fren^ Etymology. Translated into 
English by C. W. Kitchin, D.D. Third Edition. Crown 8vo. 7r. td, 

— Historical Grammar of the French Language. Trans- 
lated into English by G. W. Kitchin, D.D. Fourth Edition. Extra fcap. 
8vo. 3^. U. 

Work, by aBOBaB'sAIKTSBUBT, KA. 

Ptimer of French Literature. Extrarfcap. 8vo. at. ' 

Short History of French Literature. Crowh 8vo. lof. ^d. 
S^cimens of French Literature, from Villon to Hugo. Crown 

* 8v^. pr. * 


Comeillis Horace. Edited? with Introduction and Notes, by 
«A*«^eok^'e Saintsbjtuy, M.A. Extra fcap. 8vo. ar. 6 d, 

Moliirts Les Prideuses Ridicules. Edited, with Introduction 

and Notes, by Andrew Lang, M.A. Extra fcap. 8vo. Jx. 6^. 

Radnts Esther. Edited, &c. by George Saintsbury, M.A. 

{Nearly ready,) « 

Beaumarchai^ LeBarbier de Seville. Edited, with Introduction 

and Notes, by Austin Dobson. Extra fcap. 8vo. ax. 6</. 

Voltairts Mtrope. Edited, wilh Introduction and Notes, by 

^feorge Saintsbury. Extra fcap. 8vo. doth, ax. 

Musset SjOn ne badine pas avec VAmoAr, and Fantasio. Edited, 
with mlegomena, Notes, etc., by Walter Herries Pollock. Extra fcap, 
8vA ax. 


Sainte^Beuve. Selections from the CauserUs du Lundi. Edited 

by George Saintsbury. Extra fcap. 8to. ax. 

Qnnefs Lettres d sa Mire. Selected a'nd edited by George 
Saintsbury. Extra fcap. 8vo. ax. 
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L Eloquence de lx Ckqtre et de la Tribune Francoises. Edited 
by Paul Blonet, B.A. (Univ. Gallic.). VoL I. French Sacred Oiatorj 
]&tia fcap. 8vo. a^. 6<^. 

Edited by GtrSTAVB MASSOE, B.A. 

Comeillds Cinna. With Notes, Glossary^ etc. Extra fcap. 8vo: 

cloth, 2J. Stiff coversi la. ^d, * 

Louis XIV and his Contemporaries ; as described in Extracts 

from the besf Memoirs of the<eventeenth C^tury. With English Notes, 
Genealogical Tables, &c. Extra fcap. 8vo. ar. 6<f. 

Maistre, Xavier de. Voyage autour de ma Chambre. Ourika, 

by Madam de Duras; Le Vienx Tailleur, by MM, Erckmann-^Chatrian ; 
La Veiilee de Vincennes, by Alfred de Vigny; Les Jumeaux de THdlel 
Corneille, by Mementures d*nn llcolier, hyilodolphe TdpffeA 

Third Edition, Revised and Corrected. Extra fcap, 8vo. 2s, 6 d. 

MoUMs Les Fourberies de Scapin, and Racine's Athalie. 

With Voltaire's Life of Moli^re. Extra fcap. 8vo. 2s, 6 d, 

Moliirds Les Fourberies de Scapin. With Voltaire*s Life of 

Moli^re. Extra fcap. 8vo. stiff coven^ u, 6 d. 

Molihre's Les Femmes Savantes. With Notes, Glossary, etc. 

Extra fcap. 8vo. cloth, ts. Stiff covers, u, 6^. 

Racine's Andromaque, and Corneille's Le Menteur. With 

Louis Racine's Life of his Father. Extra fcap. 8vo. ax. 6<f. 

Regnards Le Joueur, and Brueys and Palfprafs Le Grandeur. 

Extra fcap. 8vo. ax. td, 

Sivigni, Madame de, and her chief Contemporaries, Sdfctjpsu^ 

from the Correspondence of Intended more especially for Girls' Schools. 
Extra fcap. 8vo. y. 


Dante. Selections fjom the Inferno. With Introduction and 

Notes. By H. B. Cotterill, B.A| Extra fcap. 8vo. 4X. 6(/. 

Tasso. La Gemsalemme Liberata. Cantos i, fi. With In- 

troduction and Notes. By the same^itor. Extra fcap. 8vo. ax. td. 

GEBMAN. 

Scherer ( W.). A History of German Literature. Translated 
from the Third German Edition by Mrs. F. Conyltear^ Edited by F. Max 
Muller, a vols. 8vo. aix. 

Max Muller^ The German Classics, from the Fourth to the 
Nineteenth Century. With Biographical Notices, Translations into Modem 
German, and Notes. By F. Mmc Muller, M.A. A New Edition, Revised, 
Enlarged, and Adapted to Wilhelm Scherer's * History of German Literature,' 
by F. Liditenstein. a vols. crown 8vo. aix. 
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Tie Gemum at Horn; a Practical IntVoducUon to German 

Conversation, with an Appendix containing the Essentials of German Grammar. 
Second Edition. 8vo. ax. 6^. 

J'he German Manual: a German Grammar, Reading Book, 

and a Handbook of Gert^an Conversation. 8vo. 7x, (W. 

Grammar af the German Language. 8 wa. 3 ^. 6d. 

German Composition Thebretfcal and Practical Guide to 

Che Art of Translating English Prose into German. 8vo. ^r. 6^. 

Lessings Laokoon. With Introduction, English Notes, etc. 

By A. Han^n, Phil. Doc., M. A. Extra fcap. 8vo. 6 d, 

^Sckiller^s Wilhelm Tell. Translated into English Verse by 

£. Massie, M.A. Extra fcap. 8vo. 5x. 

Alsoi aoited by 0. A. BHOBHOIH, PhU. Doo. 

Goethe^ s EgmonU With a Life of Goethe, &c. Third Edition. 

Extra fcap. 8vo. 3x. 

Iphigenie auf Tauris. A Drama. With a Critical In* 

troduction and Notes, Second Edition. Extra fcap. 8vo. 3x. 

Reine's Prosa, being Selections from his Prose Works. With 

“ English Notes, etc. Extra fcap. 8vo. 41. 6<f. 

Heine's Harzre'ise. ^ With Life of Heine, Descriptive Sketch 

of the Harz^ and Index. Extra ftap. 8vo. paper covers, ix. ; cloth, ax. 6</. 

Minna von Barnhelm* A Comedy. With a Life 

of Lessing, Critical Analysis, Complete Commentary, Ac. Fourth Edition. 
Extra fcap. 8vo. 3x. 

— — Nathan der Weise. With Introduction, Notes, etc. 

Extra fcap. 8vo. 

Schiller's Hi§torische Skizzen; Mgmonfs Leben und Tod^ and 

Belageruttf von Antwtrptn. Third Edition, Revised and Eniaigcd. With 
c. a Map. Extra fcap. 8vo. ax. 6</. 

Wilhelm Tell. With a Life of Schiller; an his- 
torical a^d critical Introduction, Arguinents, and a complete Commentary, 
and Map. Sixth Edition. Extra fcap. 8vo. y, 6 d. 

Wilhelm Tell School Edition. With Map. iir. 


Modem German Reader. A Graduated Collection of Ejt- 

tntcla m Prpic and Poetry from Modern German writers 

, Past I. With English Notes, a Grammatical Appendix, and a complete 
Vocabulary. Foarth Edition. Extra fcap. 8vo. af.6d. 

Part IL With English Notes and an Index. Extra fcap. Svo. ax. &/. 
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TI. MATHEMM^CS, PHYSICAL 80IEHCE, tee. 

By I.1IWIB HBHSLinr, 1I.A 

Figures made Easy : a first Arithmetic Book. Crown 8vo. 6</. 

Austins to the Examples in Figures made Easy, togethei* 
with two thousand additional Examples, with Answers. Crown 8vo. is, 

Tlu Scholars Arithufetic : with Answers. Crown 8vo. +f. 6 d. 

' The SchoUa^P Algebra. Crown 8vo. 4f. 6</. 

JBayrHs {R. E., M.A.). Lessons on Thermodynamics. 1878. 

Crown 8vo. 7r. W. 

vnbers (G, jF., F.R.A.S.). A Handbook ofm Descriptivi^ 

ronomy. Third Edition. 1877. Demy 8vo. a8/. * 
CoLA,R,^CB,iR,E.). Geodesy. 1880. 8vo. 12s. 6 d. 

{Luigi). Elements of Projective Geometry. Trans- 
ly C. Leudesdorf, M.A. 8vo. lai. 6(/. 

Acoustics. Second Edition. Crown 8vo. *js. 6 d. 

} Mid Revised. Containing the Essentials of the Elements 
; of Plane Geometry as given by Euclid in his first Six Books. Edited by 
C. J. Nixon, M.A. Crown 8vo. yx. 6</. 

Books I-IV. By the same Editor. Crown 8vo. y. w. 

Also, nearly ready 

Books I, II. By the same ®ditor. ’i^. 6 d. 

Book 1 . By the same Editor, is. 

{Douglas^ C.B.J F.R.S.). The Construction of Healthy 

L<j^,dngs. DemySvo, iox.6</. 

Han^ton (Sir R. G. d.), and J. BalU Book-keeping. iJew 

ami enlarged Edition. ^ Extra fcap. 8vo. limp cloth, is, 

Harcourt {A. G. Vernon^ M.AX and H. G. Madan^ M.A. 

Exercises in Practical Chemistry, Yol. 1 . Elementary fixerci&es. Third 
Edition. Crown 8vo. gx. 

Maclaren {Archihal^. X System of Physical EducatHfn : 

Theoretical and Practical. Extra kap, 8vo. yx. 6 d, ^ 

Madan {ff. G., M.A.)l Tables of Qualitative Analysis. 

Luge 4to. paper, 6 <t. , 

Maxwell {J. Clerk, MA., FE.S.), A Ti^atke on Electrici^ 

and Magnetism, Second Edition. 2 vols. Demy 8vo. il, iix. 6 d. 

An Elementary Treatise on Electricity. Edited by 

William Garnett, M.A. Demy 8to. yx. 

Minchin (tr. if., M.A.). A Treatise on Statics with Applica- 
tions to Physics. Third Edition, Corrected and Enlarged. Vol. I. Miuili- 
Mum of CopUmar Forces, 8vo. 9x. Yol. IL Statics. 8ro. i6x. 
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MinctttH (G. M.A). Umplanar Kinfmatics of Splids and 

FbMs. Crown Sro. 7/. id, 

PkiUips {John, M.A,, F,R.S^. Geoh^ of Oxford and the 

VaBeytftht Tlumes. 1871. 8vo. m. 

Vesuvius. 1869^ • Crown 8vo. los. 6 d. 

Prestwick [Joseph, MA., FR.S.). Geolq^, Chemical, Physical, 

dmd Stratigraphic^, Vol. 1 . C^hemic^ and Physical, jloyal 8vo. 35^ 

RoVeston’ s Forms of Animal Life, Illustrated by Descriptions 

and Dnirings of Dinections. New Edition. (.Ntmrlyr^^ 

Smyth. A Cycle of Celestial Objects. Observed, Reduced, 

and Discus^ by Admiral H. Smyth, R. N. Revised, condensed, and greatly 

enlarged by G. K. Chambers, F.R.A.S. 1881. 8vo. Price reduced to 12s, 

Stewart {Balfour, LL.D., F.R.S.). A Treatise on Heat, with 

numerous M/oodcuts and Diagrams. Fourth Edition. Extra fcap. 8vo. isM, 

Vemon^Harcourt {L. F., M.A). A Treatise on Rivers and 

Canals t relating to the Control and Improvement of Rivers, and the Design, 
Construction, and Development of Canids, a vols. (Vol. I, Text. V0I.TI, 
Plates.) 8vo. air. 

—^Harbours and Docks; their Physical Features, History, 

^ Construction, Equipment, and Maintenance ; with Statistics as to their Com- 
m^ial Development, a vols. 8vo. 2^, 

Watson (H, W., M.A.). A Treatise on the Kinetic Theory 

of Gases. 1^7$. 8vo. 3s. 6d. ^ ' 

iVatsbh {H. W., D. Sc„ F.R.S.), and S. H. Burbury, MA. 

I. A Treatise on the Application of Generalised Coordinates to the Kinetics of 

a MatenaVSystem, 1879. 8vo. 6 j. 

II. The Mathematical Theory of Electricity and Magnetism. Vol. I. Electro- 
statics. 8vo« los. td. ^ 

Williamson jA. W., Phil. ■ Doe., FR.S,). Chemistry for 

Students, A new Edition, with Solutions. 1873. ]^tm fcap. 8vo. Ss, 6d, 

Vn. HISTOBT. 

BUmtschli {J. R.). The Theory of fhe State. By J. K. 

‘ Bluntschli, late Jhroi^sor of Political Sciences in the University of Heidel- 
berg. Authorised Englbh Translation from the Sixth German Edition. 
Demy 8vo. half bound, 12s, 6d. 

Finlay {George, LL,D.), ^ A History of Greece from its Con- 
quest by the Romans to th*e present time, b.c. 146 to a.d. 1864. A new 
Edition, revised throughout, and in part re-written, with considerable ad- 
ditions, by the Author, and edited by H. F. Tozer, M.A. 7 vols. 8vo. 3/. lor. 
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ForUscue {Str John, Kt). The Governance of Et^landi 
otherwke called The Diffeienee betweeiv an Abaolutd and a Limited Mon* 
aichy. A Revised Text. Edited, with Introduction, Notes^ and Appendioc^ 
by Charles Plnmmer, M.A. 8vo. half bound, tax. M 

Freeman (E,A., D.C.L.). A Short History of the Norman 

Conquest of Enj^nd, Second Edition. Extra fcap. 8vo. 

George {H. B.,M.A .)^eneatogical Tables illustrative of Modem 

History, Third Edition, Revis^ and Enlarged. Small 4to. 12J. 

Hodgkin (71). Italy and her Invaders. Illustrated with 

Plates and Maps. Vols. I— IV., A.D. 37 < 5 - 553 » 8vo. 3/. 8 j. 

Kitchin {G. W.,D.D.). A History of France. With numerous 

Maps, Plans, and Tables. In Three Volumes^ Second Editwn. Crown 8vo^ 
each los, 6 d, 

Vol. 1. Down to the Year 1453. 

Vol. a. From 1453-1624. Vol. 3. From 1624-1793. 

P<^e {E. y., M.A). A History of the United States of 

America, In the Press. 

Ranke (L. von). A History of England, princiMlly in the 
Seventeenth Century. Translated by Resident Members of the University of 
Oxford, under the superintendence of G. W. Kitchin, D.D., and C. W. Boasgi 
M.A. 1875. 6 vols. 8vo. 3/. 31. 

Rawlinson {George^ M.A.), A Manual Ancient History. 

Second Edition. Demy 8vo*. 14/. 

Select Charters and other Illustrations of English Constifudmak 

History, from the Earliest Times to the Reign of Edward I. Arranged and 
edited by W. Stubbs, D.D., Fifth Edition. 1883. Crown 8vo. Bs, 6 d. 

Stubbs ( fV.f D.D.). The Constitutional History of England^ 
in its Origin and Development. Library Edition. 3 vols. demy 8vo. a/. 8/. 
Also in 3 vols. crown 8vo»price lar. each. 

Seventeen Lectures on the Study of Medieval and 

Modem History, &c., delivered at Oa^ford 1867-1884. Demy 8vo. half-boHpd, 
lor. 6t/. 

Wellesley. A Selection from the Despatches^ Treaties^ *and 
other Papers of the Marquess Wellesley, K.G., ddHng hS Government 
of India. Edited by S. J. Owen, M. A. 1877. 8vo« 1/. 41. 

% f 

Wellington. A Selection from the Despatches^ Treaties^ and 

other Papers relating to India of Field-Marshal the Duke of Wellington, IC.G. 
Edited by S. J. Owen, M.A. i88o. 8vo. 341. 

A History of British India. By S. J. Owen, M.A., Reader 

in Indian History m the Univeruty of Oxford. In preparation. 
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Atierici Gentilis, I.C.D., I.C., Do lufe Belli .Libri Tres. 

fediditT. E, Holland, LC.D, 1877. Small 410. lialf morocco, au. 

Anson (Sir William R., Bart., D.C.L.). Principles of the 

Enmsk Law of Contract^ and of Agency in its Relation to Contract Fourth 
Edition. DemySvo. los^^. 

Law and Custom of the Constitutimo Part 1. Parlia- 

ment. Demy 8vo. los, 6 d» 

Bmtham {Jeremy). ^An IhtroSuction to the' Principles of 

^Morals ofid Legislatim. Crown 8vo. 6 s, 6 d, 

Digby {Kenelm E.^ M.A.\ An Introduction to the History of 
the Lofw of Real Property, Third Edition. Demy 8vo. lor. 6 d, 
fiaii Institudionum Juris Civilis Commentarii Quattuor; or, 
Elements of Roman Law by Gains. With a Translation and Commentary 
by Edward Poste, M.A. Second Edition. 1875. 8vo. x8j. 

Hall ( W. M.A,). International Law. Second Ed. 8vo. 21 s. 

Holland (T. D.C.L). The Elements of Jurisprudence. 

Third Edition. Demy8vo. ios, 6 d, 

The European Concert in the Eastern Question,^ a Col- 
lection of Treaties and other Public Acts. Edited, with Introductions and 
Notes, by Thomas Erskine Holland, D.C.L. 8vo. tis, 6 ( 1 , 

9tnperatoris lustiniani Institutiomm Libri Quattuor t with 
^ Introductions, Commentary, Excursus and Translation. By J. B. Moyle, B.C.L., 
M.A. a vols. Den^ 8vo. ai^. 

Justinian^ The Institutes spf edited as a recension of the 

c*r of Gtius, by Thomas Erskine Holland, D.C.L. Second Edition, 

z88i. Extra fcap. 8vo. 5^. 

Justinian^ Select Titles from the Digest of. By T. E. Holland, 

D.C.L, and t!. L. Shadwell, B.C.L. 8vo. 14s. 

Also sold in Farts, in paper covers, as follows 
Part I. Introductory Titles, as. 6 d, Par. 11 . Family Law. is. 

Part III. Property Law. as. 6 d. Pjirt IW Law of Obligations (No. i). 3s. 6 d. 

( Part IV. Law of Obligations (No. a). 4s. 6 d. 

Lex AquUia. The Roman Law oi Damage to Property : 

being a Commentary on the Title of the Digest * Ad Legem Aqniliam* (ix. a). 
With an Introduction to the Study of the Corpus Inris Civilis. By Erwin 
Grueber, Dr. Jur,, M.A. Demy 8vo. lor. t 8 . 

Markby ( W.. D.C.L.). Elements of LcfW considered with refer- 

ence to Principles of tleneral Jurisprudence. Third Edition. Demy 8vo. ia.r.6i. 

Tvoiss {Sir Travers, D.C.L.). The Law of Nations considered 

, as Independent Political Communities. 

Part I. On the Rights and Duties of Nations in time of Peace. A new Edition, 
Revised and Ealfiiged. 1884. DettySvo. 15^. 

Part II. On the Rights and Duties of nations in Time of War. Second Edition 
Kevised. 1875. Demy 8vo. air. 
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EE. JtJESTAL 4in> HOBAL PHlLOSOfHT, *0. 
Bacon's NOvum Organum. Edited; with Ei^iish Notefc hy? 

G.W.Kitclun,DD. 1855. 8vo. 9».W. 

— Translated by G. W. Kitchln, D.D.' 1855. 8vo. 9s. 6d, 

Berkeley, The Works of George Btr^eley, DJ)., for^orl/ 
Bishop of Cloyne; including many of hit writings hitherto unpublished* 
With Prefac^ Annolnions, and an Account of his Life and Philosophy, 
by Alexandervampbell Fraser, 4 !.A. 4V0I8. ^871. 8vo. a/. i8j. * 

The Lifet^LetierSt &c. i toL idx. 

Selections from. With an Introduction and Noted. 

For the use of Students in the Universities. By Alepcander Campbell Fiaser, 
LL D. Second Edition. Crown 8vo. yr. 6</. 

. Fowter ( T"., D.D^. The Elements of Deductive Legic, desig^e^ 

mainly for the use of Junior Students in the Universities. Eighth Edition, 
with a Collection of Examples. Extra fcap. 8vo. 3r. 6</. 

The Elements of Inductive Logic, designed mainly for 

the use of Students in the Univetsities. Fourth Edition. Extra fcap. 8 to. 6*. 
Edited hr V. VOWIiEB, S.D. 

Bacon. Novum Organum* With Introduction, Notes, &c. 

1878, 8vo. i+f. 

Locke's Conduct of the Understanding* Second Editio^. 

Extra fcap. 8vo. aj, * 

Danson {J. 7 ".). The Wealth of ffouseholds. Crown 8vo. 5^. 

Green {T* H*,M,A.). Prolegomena to Ethics* EdfieTbj^ 

A. C. Bradley, M.A. Demy 8to. i ar. 6</. 

Hegel* The Logic of Hegel; translated from Ihe Encyclo- 
paedia of the Philosophical Sciences. With Prolegomena by William 
Wallace, M.A. 1874.# 8vo. 14/. 

Lotze's Logic, in Three Boolcs ; of Thought, of Investigation, 

and of Knowledge. English Translation; Edited by B. Bosanquet, M.A., 
Fellow of University College,^Oxfoi 4 . 8vo. clptK 61/. 

— - Metaphysic, in Three Books; Ontology, Cosmology, 
and Psychology. English Translation; Edited by B. Bosanquet, li.Aa 
8vo. clnht ^ 

Martineau {James, D*D.)e Types of Ethical Theory* Second!^ 

Edition, s vols. Crown 8vo. 15/. ^ 

Rogers(J*E* Thorold,M*A*). A Manual of Political Economy, 

for the use of Schools. Tbird Edition. Extra fcap, 8vo. 4/. dif. 

Smith's Wealth of Nations* A new Edition, with Notes, by 

J. E. Thorold Rogers, M.A. s vols. 81m. x88o. tu. 

Wilson {J* M., B*D*), and T Fomkr, D*D* The Prindplee 

of Morals (Intr^uctoiy Chi^tcis), Sto. hoards, y* Stf. 
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Hulktk (John). The Cultivation of *the ^feai^inx Voice. 

Second Edition. Extra fcap. 8vo. 2 S. 6 d. 

Ouseley (Sir F. A. Gore, Bart^). A Treatise on Harmony. 

Third Edition. 4to. lox. 

A Treatise on Cdimterpoint, Canon, and Fugue, based 

upon that of Chembini. Second Edition. 4to. j6x. 

- — A Treatise on Musical*For^ and General Composition. 

jSecond Edition. 4to. lol. 

Robinson ('7. C», F.S.A.). A Critical Recount of the Drawings 

by Michcl Angelo and Rafaello in the University Galleries, Oxford, 1870. 
Crown 8vo. 4J. 

Ruskin (Jolln, M.A.). A Course of Lectures on Art, delivered 

before the Univeisily of Oxfoid in Hilary Term, 1870. 8vo. 6 j. 

Troutbcck (J.,M.A.) and R . F, Dale, M. A . A Music Primer 

(for Schools). Second Ed .lion. Crown 8vo. i j. daT. 

Tyrwhitt (R. St. J., M.A.). A Handbook of Pictorial Art. 

With colouied Illustrations, Photographs, and a chapter on Perspective , by 
A. Macdonald. Second Edition. 187^. 8 vo. half morocco, i8j. 

Vaux ( W. S. IV., M.A.y Catalopie of the Castcllani Collcc- 

lion of Antiquities in the University Galleries, Oxford, Crown 8vo. if. 


The Oxford for Teachers, containinjj supplemen- 
tary Helps to the Stodp of the Bible, including Summaries 
several Books, with copious Explanatory Notes and Tables 
illustrative of Scripture History and the characteristics of Bible 
Lands; with a complete Index of Subjects, a Concordance, a Diction- 
ary of Projjcr Names, and a series of Maps. Prices in various sizes 
and bindings from 3s, to 2/. $s. 

Helps to the Study of the' Bible, taken from the 
Oxford Bible for Teachers, comprising Summaries of the 
, several Books, with copious Explanatory Notes and Tables illus- 
trative of Scripture History and the Characteristics of Bible Lands ; 
with a complete Index of Subjects, a Concordance, a Dictionary 
of Propefr Names, and a scries of Maps. Crown 8vo. cloth, 3.;. 6d . ; 
^ x6mo. cloth, IS. 
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